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NOTATION 

The  number  in  curved  brackets  following  some  .of  the  notational 
definiations  is  the  number  of  the  equation in the  text  which  defines  the 
variable.  The  quantity  in  square  brackets  is  the  equivalent  notation 
used in the  computer  program. 

A@) Parameter in  skin  friction  equation (23). 

Af Constant  used  to  match  numerical  to  asymptotic  solution (38), 
[CAFI. 

a (') Variables  used  in  the  Runge-Kutta  method (35),  [Aim], rn = 1,4; m R = 1,3. 

AS Coefficient  in  asymptotic  solution  (39b), [ASF]. 

B  Exponent  in  expression  for  freestream  velocity  variation in 
laminar  similarity  solution (20) , [BS]. 

bl . .b5 Coefficients  in  linearized  momentum  equation (32),  [Bl.  .B5]. 

BS 

C  Constant  of  proportionality  in  expression  for 6" in  laminar 

'a 

cf 

cS Parameter in  equation ( 1 6 ) ,  [SC]. 

cW 

Parameter  in  skin  friction  equation (23). 
J- 

similarity  solution (20) , [GI. 
= 2(6'/rw)  cos a, parameter  related  to axismetric flow  appearing JC 

in  equation (ll),  [CAI. 

= Tw/pu2/2), coefficient  of  skin  friction, [CF]. 

Radius  of  longitudinal  curvature, [CW]. 

c1. .c4 Coefficients  in  equation (30),  [Cl.  .C4]. 

f (k) Variables  used  in  the  Runge-Kutta  method  (35) , k = 1,3. 

f' = (U-u)/U, velocity  defect  variable, [FP]. 

f'p 

fh 
H = 6"/8 , shape  factor, [SF]. 

Particular  solution of equation (32) , [FP]. 

Homogeneous  solution  of  equation (32), [VHP]. 

i ,j Indices of variables  in  the x and  y  directions  respectively, [I,J]. 
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L = x2 - x1 , position  at  which RL is  defined  in  laminar  similarity (19). 
P = G*u~/u, parameter in equation (II), [ P I .  

P" = R~*P, parameter in laminar  similarity  flow, [PI. 
Q = (U6")x/U,  parameter  in  equation (11), [Q]. 

Q* = RgJ;Q,  parameter  in  laminar  similarity  flow,  [Ql. 

R = rwX6"/rw. 

fr = RGJ:R,  parameter  in  laminar  similarity  flow, [R]. 

rW Radius  of  surface  in  same  units  as x, [RW]. 

R, = (x2 - x1 ) U/u , Reynolds  number  in  laminar  similarity  solution, [RL]. 

R6+: = ~*U/U, Reynolds  number  based  on  displacement  thickness, [RDT]. 

r = rw (x) + COS a ( ; ) ,  radius  of  a  point  in  the  boundary  layer  in 
same  units  as x. 

sW Characteristic  size  of  roughness  elements  in  same  units  as x, 
c swl . 

S Parameter  in  asymptotic  outer  solution ( 1 6 ) ,  LS]. 

T Proportion  of  turbulence  viscosity  in  effective  viscosity ( 4 3 ) ,  
[TURBI . 

u YV Time  average  velocities  in  the x and  y  directions  respectively. 

U  Free  stream  velocity;  arbitrary  dimensional  units, [TJ]. 

UL Free  stream  velocity  at x, in  laminar  similarity  solution 
in  same  units  as U, C U ( Z ) ] .  

- 
-u'v' Reynolds  stress 

= h/Tw/p , skin  friction  velocity  in  same  units  as U. 

VW Wall  transpira'ion  velocity  in  same  units  as U, [vw]. 

X Streamwise  coordinate;  arbitrary  dimensional  units, [X]. 

Y Coordinate  normal  to  wall. 

a x =  x - x numerical  integration  step  in  the  streamwise  direction, i+l  i' 
[DX]. 
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a Angle  of  the  tangent  to  the  surface  with  respect to the  axis  of 
symnetry . 

B 6"(dp/dx)/TW,  the  Clauser  equilibrium  pressure  gradient  parameter, 
r B 1 .  

y = , / T w / p 3 ,  ratio  of  .skin  friction  velocity  to  free  stream  velocity, 
[GAM]. * 

6* = Jo (%i)/c(r/rw)d$, displacement  thickness  in  same  units  as x, [DT]. 
1 = y/6",  nondimensional  coordinate  normal  to  wall, [Y]. 

co 

e = Jt i(6-~)/~2 (r/rw)dy, momentum  thickness  in  same  units  as 2, [MT]. 

K = 0.41, von  Karman  constant, [SKI. 

U Molecular  kinematic  viscosity. 

U e Effective  kinematic  viscosity, ( 4 ) .  

P Density . 
- 
7 Local  shear  stress, ( 4 ) .  

- 1  
T~ = a (r~/rwpU2)/a~9 nondimensional  shear  stress  gradient, ( 3 0 )  , [TPB]. 

T Nondimensional  effective  viscosity, (12), [VE]. 

T" = Rg9cT, nondimensional  effective  viscosity  in  laminar  starting 
flow, LVE] . 

C P Y  @ Inner  and  outer  effective  viscosity  functions  shown  in  Figure (2) .  

X = ~ f i / 6 * U ,  coordinate  normal  to  wall  in  outer  effective  viscosity 
hypothesis , [CHI]. 
- 

X = K d ? / p / u ,  coordinate  normal  to  wall  in  inner  effective  viscosity 
hypothesis. 

Superscripts  and  Subscripts 

( )a 

( 1s  

( )w 

Evaluated  at  asymptotic  matching  point, [ ( )A]. 

Evaluated  at  point  where  recalculation  begins. 

Evaluated  at  wall, ( )W]. 
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( )x Differentiation  with  respect to x. 

( )I Evaluated  at  initial x station. 

( )a3 Evaluated  at  the  edge  of  the  layer, -, m , [ ( .)E]. 
( ) '  . Differentiation  with  respect  to 11. = y/bJC, [ ( )PI .  

(-) Used  with u,;, etc.  denotes  untransformed  coordinates.  Used  with 

( J  Denotes  quantity in similarity  starting  equation  (32)  which  has 

functions  of x only,  denotes  average  value, [(  )i+l + ( )i]/2. 

different  interpretation  in  laminar  and  turbulent  flows. 

$ (  ) Denotes  subroutine  of  program. 
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I. INTRODUCTION 

Studies  of  boundary  layer  flows  have  been  made  for two reasons; 
one  is  the  practical  need  for  boundary  layer  solutions  in  design  problems; 
the  other  is  the  desire  to  achieve  a  better  theoretical  understanding  of 
the Echanism of  boundary  layer  flows.  The  calculation  method  described 
herein  was  designed  to  expedite  both  of  these  objectives.  It  makes  recent 
advances in the  state  of  the  art  available  in  the  form  of  a  convenient 
tool  for  those who are  interested  in  ends  rather  than  means.  For  those 
concerned  with  theoretical  investigations  of  boundary  layer  flows,  it 
overcomes  the  technical problem of  solving  the  equations  of  motion  and 
thereby  emphasizes  the  physical  assumptions  necessary  to  circumvent  our 
ignorance  and  inability  to  describe  basic  turbulent  transport  processes. 
A variety  of  assumptions can,  therefore,  be  tested  free  from  approximations 
related  to  the  solution  of  the  equations.  Although  a  specific  turbulent 
effective  viscosity  hypothesis  is  included in the  program  for  practical 
calculations , it  is  wholly  contained  in  a  subroutine.  The  subroutine  may 
easily  be  replaced  by an alternative  form. 

Somewhat  more  involvcd  extensions  of  this  program  have,  in  fact,  been 
used  to  investigate  more  complicated  models  which  calculate  mean  turbulent 
energy  fields and,  at  the  Stanford  Conference  on  Computation  of  Turbulent 
Boundary  Layers [ 11, have  been  compared  with  calculations  using  the 
more  simple  effective  viscosity  hypothesis.  Nevertheless , this  simple 
hypothesis  performs  remarkably  well  in  predicting  data  and  this  has  now 
been  well  documented  in  the  literature [ 2 , 3 , 4 ] .  Therefore,  it 
is  possible  to  concentrate  on  computational  details  in  this  report.  Also, 
of course,  the  program  can  be  operated  entirely  in  a  laminar  mode  where 
the  problem  is  purely  numerical. 

Various  versions  of  the  program  have  now  been  in  existence  quite  a 
number  of  years.  However,  it  is  one  matter  to  have  a  program  that works, 
but it is  another  matter  to  publish  a  program  for  general  consumption  and 
to  provide  sufficient  (though  not  exhaustive)  documentation.  Furthermore , 
considerable  effort  has  now  been  expended  to  enable  the  program to handle 
flows  of  wide  generality  while  avoiding  numerical  trauma. 

Aside  from  the  capability to compute  planar  or  axisymmetric,  laminar 
or  turbulent  flows  with  arbitrary  pressure  gradients  and  Reynolds  number, 
provision  has  been  made  to  calculate  flows  with  wall  transpiration  or 
aspiration  and wall  roughness.  In  these  latter  cases,  predictability  of 
data  has  not  yet  been  documented  in  the  literature ; however,  informal 
comparisons  have  been  favorable.  Internal  means  to  effect  transition 
from  turbulent  flow  have  not  been  provided;  rather  a  transition  factor 
("RB) , which  varies  from  zero  for  laminar  flow  to  unity  for  fully  turbu- 
..lent flow, must  be  provided  by  the  user  as  input.  Undoubtedly,  existing 
transition  data  could  be  incorporated  in  the  program  on a purely  empirical 
basis,  or,  hopefully,  a  meaningful  semi-empirical  model  of  transition  will 
be  constructed in the  future.  Finally,  the  user  will  notice  that  there 
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are input and output   s ta tements   containing a long i tud ina l  wall  curva ture  
var iable   which,  as ye t ,   p l ays  no r o l e  i n  the  calculat ion.   Experimental  
r e s e a r c h   o n   t h i s   e f f o r t  (see r e f e r e n c e   t o   t h e   e f f e c t  o f   cu rva tu re   i n  4. 1 
and more r e c e n t l y  some suggestions  on ways of  including it  i n  [ 5 1 ) is  i n  
progress a t  Princeton. 

This rnanual is intended to be more than a ca ta log   of   the   inputs  and 
ou tpu t s .  The boundary  layer  equations  of  motion  are  traced up t o   t h e  
point   of   being  recast   for   computat ion and sane   d i scuss ion  of the   ph i los -  
ophy of  choice  of  numerical  methods i s  included. The alternative of 
r e a d i n g   i n   a n   i n i t i a l   p r o f i l e   o r   i n t e r n a l l y   g e n e r a t i n g  a laminar s i m i -  
l a r i t y  (Fa lkner -Skan)   o r   tu rbulen t   s imi la r i ty   (equi l ibr ium)   prof i le  is 
discussed.  (It  should  be  noted  that  the  main  program  routine is f a i r l y  
long  due t o   t h e  number o f   i n i t i a l i z a t i o n   o p t i o n s  which are provided. 
The pr inc ipa l   forward   s t reanwise   ca lcu la t ions   begin   a f te r   s ta tement  480; 
the  reader  seeking  detailed  understanding  of  the  main  program  routine 
may be  advised t o  start  a t  t h i s   p o i n t . )  Then a s tep-by-s tep   descr ip t ion  
of the  funct ion  of   each  sect ion  of   the program is given  along  with a 
flow  chart  and a l i s t  o f   no ta t ions .   F ina l ly ,   t he   p rac t i ca l  problem  of 
s e t t i n g  up the   input   parameters   to   ca lcu la te  a spec i f ic   f low is considered. 
Users who a r e   n o t   i n t e r e s t e d   i n   t h e   t h e o r e t i c a l   b a s i s  of t he   ca l cu la t ion  
method may s k i p   d i r e c t l y   t o   S e c t i o n  V ,  t he   desc r ip t ion   o f   i npu t s  and ou tpu t s .  
Then i f   s p e c i f i c   q u e s t i o n s   a r i s e ,   r e f e r e n c e   c a n   b e  made t o   e a r l i e r   s e c t i o n s .  

The basic  numerical  scheme can  be  described as a n  i m p l i c i t ,  Crank- 
Nicholson scheme r e s u l t i n g  a t  e a c h   s t a t i o n   i n   a n   o r d i n a r y   d i f f e r e n t i a l  
equation which is so lved   accord ing   to  a Runge-Kutta  method  adapted t o  
t h e  laminar and tu rbu len t  boundary layer   equa t ions .  The o r d i n a r y   d i f f c r -  
en t i a1   equa t ion  i s  solved by a l inea r i za t ion - i t e r a t ion   t echn ique  which 
apparent ly  (compare [ 6 ] and 7 1) i s  e s s e n t i a l   t o   t h e   s o l u t i o n  
of turbulent  boundary  layers.   Another  useful  feature  of  the  program i s  
t h a t  the  normal  coordinate i s  sca l ed  on the  displacement   thickness  so t h a t  
wh i l e   t he   d i sp l acemen t   t h i ckness   va r i e s   i n   t he   s t r eam  d i r ec t ion ,   t he  
d i s t r i b u t i o n  of t he   s ca l ed  normal  coordinate  can  be  f ixed.  (This may be 
modified i f   t h e  program is a p p l i e d   t o  wal l  jets,  for  example,  where  the 
usual   def ini t ion  of   displacement   thickness  may y i e l d  numbers t h a t  are 
near   zero  or   negat ive.  The modi f ica t ion  i s  simple when i t  is  r ea l i zed  
the s c a l i n g   v a r i a b l e  need not   be  displacement   thickness   but   any  quant i ty  
cnosen so t h a t   t h e   r e g i o n  where   the   ve loc i ty   g rad ien t  i s  nonzero i s  
spanned  by the  scaled  normal  coordinate .) . & r t h e m r e ,   t h e  
p r o f i l e  i s  normalized  with the f r ee   s t r eam  ve loc i ty  BO t h a t  

v e l o c i t y  
bo th   va r i ab le s ,  

do no t   va ry   g rea t ly   w i th  x . Under these  circumstances i t  
t h a t   f a i r l y   l a r g e   x - s t e p s  are p o s s i b l e .   I n   t h i s  case smail 

is found 
e r r o r s   i n  

6" (or e) may be  accumulated.  howe ever, t h i s   s o u r c e  of e r r o r  may be 
s igni f icant ly   reduced  by c o r r e c t i n g  6*  according t o  a very   accu ra t e  
in t eg ra l   o f   t he  von Karman equation. 
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11. ANALYTICAL  FUNDAMENTALS 

Equations  of  Motion 

The  equations  governing  the  flow of an  incompressible,  two- 
dimensional,  boundary  layer  illustrated  in  Figure 1, are  given  by 

where r(x, 7) = rw(x) + f cos a(;). The  equations  apply  to  laminar  or 
turbulent  flow  if  the  definition  of ?/p is  taken  to  be 

?/p = v 

where - u'v' is  the  kinematic 
effective  viscosity so that 

ai - - u'v', 
aY 

( 3 )  

Reynolds  stress.  We  next  define an 

For  laminar  flow Ve = V. 

The  boundary  conditions  are 

i ( X , O )  = 0, 

V(G,O)  = v , ( 3  

First  it  is  useful  to  transform  equations (1,2) so that  chey  appear 
claser  to  their  planar form. This  can  be  accomplished  with  a  Variation 
of the  Probstein-Elliott  transformation, c81. Thus, 
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a .) Coordinate System 

! U - - - a  

4 
U 

b.) Description of Velocity  Profile 

Figure 1. Illustration of Natation 
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x = . x  

Here  we  write u without werbars even  though,  in  the  case  of  turbulent 
flow,  it  should  be  interpreted  as a time  averaged  (or  ensemble  averaged) 
quantity.  Using  this  transformation  and  the  resulting  relations, 

equations (1)  and (2) become 

aU aU dU a 
ax aY dx aY u -  + F  = u -  + - 

where  now T/p  = (r/rw)Ue(au/ay), v = (r/rw)c + y j ~  G, and r'= I-$ (x) + 
2y rw(x) cos u(x). The form of  the  boundary  conditions is unchanged. 

u(x,o) = 0, (9a) 

r)" 
[u(x) - u(x,y')]dy' is  bounded.c. 

For  purposes of calculation  it  is  convenient  to  define a new  set 
of variables. The velocity  profile  is  expressed  in  defect  form 

'. 
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The  choice  of(10a) is made  because  the  calculation  method is historically 
oriented  touard  turbulent  flows  in  which  case a defect  formulation is 
convenient.  Also  some  convenience  results  when  considering  outer  boundary 
conditions.  The  coordinate, y , is normalized  by 6* (x) = 10" (U-u)  /U  dy. 
The more  conventional  scaling  for  laminar  flows  would  be 
d-, but  this  is  not  meaningful  in  the  turbulent  case.  Still  no 
generality  is  lost  since 6* will  be  proportional  to  in  the  im- 
portant  Falkner-Skan  laminar  similarity  flows.  Finally,  with  an  eye 
toward  turbulent  flows,  the  effective  viscosity, v is  normalized on 

U6* so that T = ve/U6*;  in  turbulent  flows T is a prescribed  function 

of  the  local  velocity  profile  whereas  in  laminar  flows  it is the  inverse 
Reynolds  number  v/Uh*. 

e' 

When  rewritten  in  terms  of  these  variables,equations (7)  and ( 8 )  
become 

= 6*(1-f') E' + 6*f" ax. a €  

where, P = 6*Ux/U, Q = (6*U)x/U, R - 6*r /I: w w  
X 

and 'a = 2(6*/rw) cos a. 

The  form  of  the  function T as  given  in  Reference 121 is 

1 $I (XR6*) + @(X) - X,  X = . T = -  K J V -  

%* 6*U 

where @ and  are  defined  in  Figure 2. The  boundary  conditions  are 

** The  prlmary  requirement is that f ("l) be bounded  as V-m.  However, so 
long  as 1 = y/6*  the  limit  value is unity. On the  other  hand,  throughout 
thib  text, 6" could be considered  simply  as an arbitrary  scale  length, 
where f (c) would  assume  the  requisite  value  such  that f(-)6* is the 
real  displacement  thickness. 
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. 
il 
i 

X = 0.41 Y m  
Y 

a.) The Inner Function, cp =I c p ( ~ )  

X 0.41 Y m  
U 8" 

b.) The  Outer  Function, @ = @(X) 

Figure 2. "he Turbulent Effective Viscosity  Hypothesis 
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In   the   numer ica l   so lu t ion   of  (ll), (13c)   mus t   ev ident ly   be   sa t i s f ied  
a t  some l a r g e   b u t   f i n i t e   v a l u e   o f  q. An improved outer  boundary  condition 
can  be  obtained  from  the  equation  (11).   For  large 7 ,  

Following  the method indica ted   in   Reference[4]  . a s o l u t i o n  of (14) which 
is s u f f i c i e n t l y   a c c u r a t e  f o r  these  purposes   can  be  wri t ten 

where s(x)  i s  a s o l u t i o n  of the  equat ion 

(6'?/2) * + cs (Q + R ) s  = '6, cg , 2 

dx 

cs i s  1.0 for a two-dimensional  flow  and 0.5 for  axisymmetric flow, 
and 11 i s  the   va lue  of rl a t  which the   numer ica l   so lu t ion  i s  matched 
to   the  asymptot ic   solut ion.   Therefore   equat ion  (15) ,where s is  obtained 
from  (16),  replaces  (13c) as the   ou te r  boundary  condition. 

a 

The complete set  of equations  described  above i s  s u f f i c i e n t   t o  
ca l cu la t e   t he  development  of a boundary l aye r .  However, small inaccu- 
racies in   t he   numer i ca l   so lu t ion  which are n e g l i g i b l e   a f t e r  one s t e p   i n  x, 
are f requent ly  cumulative. Greater accuracy  can be achieved  simply by 
cor rec t ing   the   in tegra l   parameters   such  as (5* and 8, obtained from the  
numerical   solut ion of equation  (111, by r e f e r r i n g   t o  a numerically more 
accura te   so lu t ion   of   the  same equation.  This  form i s  obtained by f i r s t  
i n t eg ra t ing   equa t ion  (11) ac ross   t he   l aye r  which y ie lds   the   von  Karman 
i n t e g r a l  momentum equation. 

d dU - (rwu2e) + r 6 * ~ -  = r - + r v u dx w dx w p  w w  
I 
W 

Then, as suggested by Coles [ 9 1 ,  equation  (17) may be   in tegra ted   wi th  
r e s p e c t   t o  x between two x s t a t i o n s  x and x The r e s u l t  is 

i-1 i' 
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" -  
where H, cf , 8 and (%/E) are a v e r a g e   v a l u e s   i n   t h e   i n t e r v a l  ( X ~ - ~  , xi) . 
Therefore ,   the  l e f t  side, CO1,  and r i g h t   s i d e ,  C02, of  (18) are 
first calculated  and the c a l c u l a t e d   v a l u e   8 i  i s  cor rec ted  by m u l t i p l i c a t i o n  
w i t h   t h e   r a t i o  C02/C01. As an ind ica to r   o f   t he  level o f   c o r r e c t i o n   t h a t  
has   occurred,   both C02 and C O 1  are p r in t ed   ou tpu t  and a running  product 
c u m l a t i v e  of c 0 2 / ~ 0 1  (see d e f i n i t i o n ,  CMT. i n  Sec t ion  N) is  a l s o   p r i n t e d .  

Furthermore, i f   t h e   f i n i t e   d i f f e r e n c e   s o l u t i o n  were completely con- 
s i s t en t   t he   l e f t -hands ide   o f   equa t ion  (18), as eva lua ted   f rom  the   resu l t s  
a t  any two s t a t i o n s  i-1 and i, and the   r igh t -hand  s ide ,   ob ta ined  from the  
a v e r a g e   s k i n   f r i c t i o n   c o e f f i c i e n t  and t r a n s p i r a t i o n  rate i n   e f f e c t  be- 
tween i-1 and i would be  equal.  The amount of  imbalance i s  a check on 
theaccuracy of t h e   f i n i t e   d i f f e r e n c ' e   s o l u t i o n .  

I n i t i a l i z a t i o n  

I n   o r d e r   t o  compute a so lu t ion   of   equa t ion  (ll), i t  i s  necessary 
t o   p r e s c r i b e   t h e   v e l o c i t y   p r o f i l e  a t  t h e   f i r s t  x stat ion.   Al though one 
may read in t h e   p r o f i l e  as i n p u t   d a t a ,   o f t e n   t h i s  i s  no t   r ead i ly  known. 
What i s  l i k e l y  t o  be known i s  the   na tu re  of  the  conditions  under  which 
the  boundary  layer  developed  in some r e g i o n   b e f o r e   t h e   i n i t i a l  x s t a t i o n .  
For   instance,  it might   be  that   the   f low  near  AI is  charac te r ized  
by a member of  the  Falkner-Skan  family  of  laminar wedge flows  including 
t h e   f l a t   p l a t e  and s t a g n a t i o n   p o i n t   f l o w .   A l t e r n a t i v e l y ,   i n   t h e  case 
of   turbulent   boundary  layer ,  i t  might   be   tha t   the   p ressure   g rad ien t   in  
t h e  neighborhood  of x1 could  be  closely  approximated by an   equ i l ib r ium 
pressure  gradient  of  the  form  proposed by Clauser  [lo]. I n   e i t h e r   c a s e  
i t  i s  p o s s i b l e   t o   g e n e r a t e   p r o f i l e s   i n t e r n a l l y .  The ca l cu la t ion   o f   t hese  
similar so lu t ions   r equ i r e s  a r e l a t ive ly   s imp le   spec ia l i za t ion   o f   equa t ion  
(11). 

Laminar s imi l a r i t y   f l ow 

To begin  with,   in  the  laminar,   Falkner-Skan case, i t  is convenient 
t o   m u l t i p l y   t h e   s i m i l a r i t y   v e r s i o n   o f   e q u a t i o n  (11) by R6*. Then s e t t i n g  
f t  = f x  = 0 t h e   r e s u l t  is, 

+ P*(f '-   2)f '  = 0 (19) 

where P* = 6xaUx/V,  Q* = 6* (6*U)x/V, R* = 6*2 U r  WX / (UTw), T * TRg* = 1.0 
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and Ca is the  value  of  2(6*/rw)  cos a a t  x,. JMr 

The parameters P* and Q* may b e   s p e c i f i e d   i n  two ways. One is by 
making  use  of   the   fact   that   the  mainstream v e l o c i t y   d i s t r i b u t i o n ,   U ( x ) ,  
and  displacement  thickness  6*(x), are known (see  [Zl], p.143) to 
be  of  the  form 

A value  of B = 0 i n   t h e   r e l a t i o n s  above  corresponds  to B l a s i u s  flow  and 
B = 1 corresponds  to   s tagnat ion  f low.   Intermediate  values of B represent  
wedge included  angles of 2nB/(B + 1) ( rad ians ) .  For  cones B may a l so   be  
related  to  the  cone  included  angle;   see,for  example,Reference [ 1 2 j  page 
428. The parameters  needed  to  solve  equation  (19)  can  easily be shown 
to   be  

P* = C ~ R , B ,  

Q* = C2R, (B+1)/2, 

R* = C ~ R , L  rwx/rw 

where R, = U L/v and C is determined  in   the  course  of   solut ion so t h a t  
f(m) = 1. Thus, R L ,  B, and L r  /r s p e c i f y   t h e   s t a r t i n g   c o n d i t i o n .  w , w  

The o the r  method of  determining P*, Q*, and R* is t o   s p e c i f y  P*, 
U6*/V,  and (vW/U)Rg*. Then  from t h e   i n t e g r a l  of  equation (19) , 

(Q* + R*)= H [ (Cf/2 + vw/U)R6* - p*] - p*. 

Here the   shape   f ac to r  H, t h e   s k i n   f r i c t i o n   c o e f f i c i e n t ,  C f ,  and there- 
f o r e  (Q* + R*) are e v a l u a t e d   i t e r a t i v e l y   i n   t h e   c o u r s e  of  obtaining a 
so lu t ion ,  as descr ibed i n  Sect ion 111. From there,Q* is simply 
(Q* + R*) - R*. 

* With the  except ion  of   the limit case  of axisymmetric  stagnation  point 
f low,   exac t   s imi la r i ty   so lu t ions   do   no t  exist a t  the   ve r t ex  of cones; 
where S*/rw is  s ingu la r ,   t he   ex t en t  of   the  excluded  region  increases   as  
the  angle   of   the   cone  decreases .  However, the  procedure recommended here  
i s  p robab ly   su f f i c i en t   t o   g ive  good accuracy  downstream of t he   ve r t ex .  
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In   t he  case of   equi l ibr ium  turbulent   f low,  i t  is known t h a t  
(U-u)/uT 3 f: (yy/6*) is i nva r i an t   w i th  x, i n  which case (see  Reference [ e ] )  

6*f 0 "v, "rl' 
X Y  

(22a rb) 

6*f i  = 6*y, (Qf" + f ' ) .  
Y 

The f a c t o r ,  6*yx/Y, can  be  obtained from t h e   s k i n   f r i c t i o n   e q u a t i o n  
! '  for   equi l ibr ium  f lows  (see Reference [3] ) 

1 1  
Y K  
"- - LOG, '*' + A ( B )  + B, ( 2 3 )  

which y i e l d s  

I 
! Therefore ,   equat ion (11) may b e   r e w r i t t e n   i n   t h e  form 1 

+ [ p ( f S  - 2 )  + c ( / K ) Q ( ~  - f ' ) ] f '  = 0. 

It s t i l l  remains   to   spec i fy   the   parameters  P and Q. This IX.J 

be  done i n  two  ways. One  way is t o   p r e s c r i b e  8 = c ( 6 " / ~ ~ )  (dpidx) ]  

p "  (Cf / 2 )  B (26 1 
and Q can   be   ob ta ined   us ing   the   in tegra l   o f   equa t ion  ( 2 5 )  so t h a t  
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where  once  again  the  shape  factor  and  skin  friction  are  evaluated 
iteratively  in  the  course of obtaining  the  numerical  solution  for  this 
profile. 

The  method  above  is  quite  satisfactory  except  for  initial  equilibrium 
boundary  layers  near  separation.  In  that  case,another  approach  is  necessary 
since 8- and C f  -+ 0,making  equation (26) impractical  for  numerical 
computation.  However,  as  shown  in  Reference [ 31, P is  well  behaved  near 
separation  and  approaches  the limit P = - 0.00948 as B-Kx,. This limit is 
virtually  independent  of  Reynolds  number.  Therefore,  for  large  values 
of 8 ,  if P is fixed  and Q is  determined  from  equation (27),  the  solution 
converges  rapidly. 

Finally,  the  asymptotic  form  of  equations (19)  and (25) f o r  large 1 is 

For  laminar  flow P = P*, 9 = Q J r ,  R = R*,  and & = T:, whereas  in  turbulent 

Llow P = P, Q = Q, 2 = R, and '& = T,. Also in laminar flow ,V = 0 while 
in  turbulent flow 2 = G. Assuming f '  to  have  the form given  in 

N N 

N N 

- 12 - 



111. NUMXRICAL  METHOD 

Equation (ll), which  describes  the  boundary  layer  flow, i s  a non- 
l i n e a r   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n ,   p a r a b o l i c   i n   t h e   f l o w   d i r e c t i o n .  

' There are two phases  of  the  procedure  of  obtaining a so lu t ion .  The f i r s t  1 ' phase is t h e   c o n v e r s i o n   t o   a n   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n   u s i n g   f i n i t e  
d i f f e rences   fo r   t he  x der iva , t ives .  The second  phase i s  t h e  method,or 
s o l u t i o n   o f   t h e   r e s u l t i n g   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n .  

Reduct ion   to   Ordinary   Di f fe ren t ia l   Equat ion  

I n   t h e   f i r s t   p h a s e ,   t h e  x d e r i v a t i v e s  are represented by f i n i t e  
d i f f e r e n c e s   i n   t h e  x d i rec t ion   acco rd ing   t o   an   adap ta t ion  of  the Crank- 
Nicholson [ 131 scheme. This method i s  of the   impl ic i t   type .  I t  i s  always 
s t a b l e  and t h e   e r r o r  i s  of  second  order i n   t h e   x - s t e p   s i z e .  

The development of the   d i f fe rence   equat ion  i s  most c l ea r ly   po r t r ayed  
E i n   t h r e e   s t e p s .  The f i r s t   s t e p  i s  t o  wri te  equat ion  (11) i n  terms of  

average  funct ions a t  a point  halfway  between  the x p o s i t i o n  of the  known 

i 
I p r o f i l e ,  B ,-1 , and t h a t   o f   t h e   p r o f i l e   t o  be c a l c u l a t e d ,   x i ,  

I 

- 
6* 
Ax 

- 
- + [ P ( f '  - 2 ) l f '  = - (1 - f ' )  (f; - f;-l ) + - f "  ( f i  - fi-l 

6* - 
L h  

1 

(29)  

Then, u s i n g   t h e   r e l a t i o n s  

Equation (29) can be w r i t t e n   i n  terms of func t ions  a t  pos i t i on  xi as 
follows 

-[(l + cam f f q  = - 7; + c1 (f; + f;-l ) + c2 (f; + f;-l ) 
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Fina l ly ,   t he  form i n  which t h i s   e q u a t i o n  is solved is 

[bsf"]; b* + b3f'; + b,f; + b l f i ,  

where t h e   c o e f f i c i e n t s  are 

b3 = C l ,  

b4 = - T; + C l f ' l  i- 1 + (c2 + c3)f;-1 + C*fi- l ,  

(33a ,brc ,d ,e )  

. .. 



where  the  notation  is  as in equation (28) and v /U = R6*(vw/U)  in  laminar 
flow  and v,/U = vw/U  in  turbulent  flaw. W 

N 

N 

Because  equation (32) is  nonlinear,  the  solution  is  carried  out 
iteratively.  The  coefficients  bl  to  bs  are  evaluated  using  the  result 
of  the  previous  iteration.  The  resulting  linear  equation  is  then  solved 
for f' and  f". 6* is adjusted so that f(m) = 1 to  some  specified  accuracy. 
The  parameters P, Q, R  and C are  recalculated  and  the  effective  viscosity 
function, T, is  recalculated.  Then  the  cycle  begins  again.  (To  start  the 
calculation  at  a  new x station,  the  values  of f'  and  f."  from  the  previous 
x station  and  the  parameters P, Q, R, and  Ca  and  the  effective  viscosity 
function  are  calculated  based  on  an  extrapolated  value  of a*), 

a 

Solution of Ordinary  Differential  Equation 

Equation (32) is  solved  with  a  fourth  order  Runge-Kutta  method. 
The  Runge-Kutta  method  is  a  procedure  for  solving  first  order  differential 
equations. In order  to  apply  it  to  equation (32), the  equation  must  be 
rewritten  as  a  set of first  order  equations  as  follows: 

Then 

From Hildebrand [ 141, if the  values of f(') at 7,  are  known,  the  values 
.I 

to  fourth  order  accuracy  by  the  relation 





The  boundary  conditions  for  the  solution  are  split  (conditions  (13a) 
and  (13b)are  applied  at  the  wall  and (15) is applied  at  the  outer  edge 
of the  layer).  Since  the  Runge-Kutta  method  requires  three  boundary 
Conditions  at  the  wall,  advantage  is  taken  of  the  operational  linearity of. equation 
(32). Both a homogeneous  and a particular  solution  are  calculated  which 
satisfy  the  following  boundary  conditions  at  the  wall: 

f l*(X,O) = f l ' (X ,O) ,  (From  the  previous  iteration)** 
P 

f (x,o) = 0.0 
P 

for  the.particular  solution  and, 

fl'(X,O) = 1.0, h 

f;l(x,o) = 0.0,  

for the  homogenous  solution.  Then a composite  numerical  solution  is 
constructed  according  to  the  relation 

f '  = f' + AffA. 
P 

A is a free  parameter  which  is  determined  by  matching  the  outer  boundary 
condition.  The  outer  boundary  condition  is  the  asymptotic  solution, 
equation (15), which  insures  the  behavior  required  by  equation (13c). 
From  equation (15), at  some  point rl near  the  edge of the  layer, 

f 

a' 

, where 

Jck fL(x,o) is  reset  to f"(x,o) each  time so that  the  particular  solution 
becomes  progressively  closer  to  the  complete  solution.  Note  that  this 
step is not  essential  but  it does seem to  result  in sane increase  in 
accuracy. 
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s(x) is obtained  from  the  approximate  solution  of  equation 

o r   f o r   s i m i l a r i t y   s t a r t i n g   f l o w s ,  s i s  given by equat ion (29). 

Inse r t ing   equa t ion  (39) i n t o  (38) and rear ranging   y ie lds ,  

f"  (n,) + As f; ( T a )  
P 

Af - 

In   the   range  (0 < < V a ) ,  f '  (and f ,   f " )  may be  calculated from equat ion 

( 3 8 ) .  The so lu t ion   can   then  be  extended  out  to  any  value of 7 using 

equation  (15).  

Occasional ly ,   the   solut ions  f '   and f i  become so large  before  71, is  

reached  that   equat ion (38) no longer   g ives   numer ica l ly   s ign i f icant   resu l t s .  

For  example, on a computer  carrying numbers  of  seven s i g n i f i c a n t   f i g u r e s ,  

i f  f ' becomes la rger   than  lo4 ,  f '  given by equat ion (38)  w i l l  no t   i n  

general   approach  zero a t  the   edge 'of   the   boundary   l ayer   to   th ree   s ign i f i -  

can t   f igures .  To Overcome th is   p roblem,a   reca lcu la t ion  is  performed  using 

the  same c o e f f i c i e n t s  (33) ,  but   rese t t ing   the   boundary   condi t ion  ( 3 6 a ) .  

I f   r e c a l c u l a t i o n  fa i ls  t o  produce a small enough f '   s o l u t i o n ,   t h i s   i n d i c a t e s  

tha t   changes   in   the   ou ter   por t ion   o f   the   p rof i le  w i l l  have no not iceable  

e f f e c t  on t h e   f i   s o l u t i o n ,   n e a r   t h e  w a l l .  Therefore,  i t  is permissable t o  

r e s e t   f "   a t  some po in t ,  7l f u r t h e r   o u t   i n   t h e   l a y e r  which w i l l  al low a 

mors accura te   ca lcu la t ion   of  f ' . Recalculat ion may be  performed seve ra l  

times with  vs fu r the r  and fu r the r   ou t  as f ' becomes  more accura te .  

P 

P 

P 

P 5' 

P 
P 
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IV. COMPUTER  PROGRAM 

Program  Notation 

Insofar  as  is  possible  the  variable MES in  the  subroutines  are 
the  same  as  those  in  the  main  program. It should  be  noted,  however  that 
some  variables  which  are  subscripted  in  the  main  program  are  not  subscripted 
in  the  subroutines  although  they  are  referred  to  by  the  same  names. 

A l l . . A 3 4  Parameters  in  the  Runge-Kutta  method  given  in  Section 111, 
AAm = ,',a), R = 1,3; rn = 1,4. 

AS? Coefficient  in  asymptotic  solution  defined  by  equation (39b). 

AT Value  of f' at  which  asymptotic  outer  solution  is  matched. 

B(K,J) Coefficients  in  equation (32),  B(K,J) = bK(TJ). 

BB (K) 

BK 

BS 

C 

CA 

CAF 

CA1 

CF 

CHI 

CHI3 

CMT 

co1 

c02 

COAL 

Dynamic  storage  in  $FILE. 

= 0.016, Clauser  constant  for  outer  portion  of  effective 
viscosity, [K] . 

Input for initial  pressure  gradient  described  in  Section V, [B]. 

= 2 (6*/rw)  cos a ,  LCa]. 

Constant  in  matching  particular  and  homogeneous  solutions  at 
asymptotic  marching  point, [A,]. 

= (2/rw)  cos a .  

= ~~/(%pu") , skin  friction  coefficient. 
= 1~&/6*u, coordinate noma1 to wall used  in  effective  viscosity 

hypothesis [X]. 

= (KY&/sJ.v)3 . 
= n [c02/001). 

2 G  
- 

= e I 1 1  /e1-1  RI-1  UI-1 2+H, left-hand  side  of  equation (18). 

= Exp {rl (ijf/Z + vw,u)d(x/g)}, right-hand  side  of  equation (18). 
XI- 1 

= Cos a1 cosine of angle of nose of axisymmetric  body. 
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cw Longitudinal wall curva ture .  

C l . . C 4  Coef f ic ien ts   g iven  by equat ion (31). 

D I V J  

DT 

DTS 

DTX 

D m  

DX 

DY 

ET 

m a 
FHPA 

F E  

FP 

FPA 

FPB 

GAM 

1 

I3 

I D  

Number o f   d iv i s ions   o f   i npu t   p ro f i l e   spac ing   i n   f l oa t ing   po in t  
f orm . 

= $,(U-u)/6(r/rw)dy,  displacement  thickness  in same u n i t s  as X ,  [6*].  
m -  - 

Value  of  displacement  thickness  before  displacement  thickness 
i s  a l t e r e d   t o  conform t o   i n t e g r a l  momentum equat ion.  

= d6*/dx. 

= 4 [(d@/dx). + ( d S * / d ~ ) ~ - ~  1, intermediate  value  of DTX, [6*]. 
1 X 

= x -x x s t e p   s i z e ,  [ A X ] .  i i-1 

- - yj+l- yj y s t e p   s i z e .  

= fb(W). 

= Value  of f '  a t  which   ca lcu la t ion   of   p rof i le   s tops ,  If:]. 

Value  of homogeneous p a r t  o f  wolution a t  asymptotic  matching 
p o i n t s .  

= f(m). 

= (U-u)/U, v e l o c i t y   d e f e c t   p r o f i l e ,   [ f  '1. 

Value   of   par t icu lar   par t   o f   so lu t ion  a t  asymptotic  matching 
po in t .  

= 1-1, index  of  functions  of x fo r   p rev ious   ca l cu la t ion .  

Dimension  of a l l  funct ions  of  x. 
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IO 

IOP 

M 

MA 

IXF 

J 

J A  

JAM 

JAP 

J D  

JDN 

JE 

J E M  

JEP 

J K  

JLP 

JM 

JP  

JF, JL 

J S  

.JS S 

JY 

Input   parameter   designat ing  f law  inside ( I O  = -1) or   ou t s ide  
(10 = 1) of  an  axisymnetric  body. 

Option number for i n i t i a l i z a t i o n   d e f i n e d   i n   S e c t i o n  V. 

To ta l  number of x s t a t i o n   c a l c u l a t i o n s   r e a d   i n ,  (X2 ID). 
Tota l  number of x s ta t ion   ca lcu la t ions   ac tua l ly   per formed.  

Index  of f irst  x s t a t i o n   c a l c u l a t i o n  moving  dawnstream. 

Index  of  functions  of  y. 

Index  of  indicated  asymptotic  matching  point.  

= J A  - 1. 

= J A  + 1. 

Dimension  of a l l  functions  of T. 
Number of   subdiv is ions   o f   input   p rof i le   va lues .  

Index  of last c a l c u l a t e d   p r o f i l e   v a l u e .  

= JEM - 1. 

= J E + 1 .  

Index  of  the  point a t  which the   ou te r   e f f ec t ive   v i scos i ty   r eaches  
a constant   value  (see  Figure 2 ) .  

= J L + 1 .  

Index  of  actual  asymptotic  matching  point.  

= J + 1 .  

1ndi.ces  of f i r s t  and last po in t s   i n   each   subd iv i s ion   o f   t he   i npu t  
p r o f i l e .  

Index  of 7 po in t  a t  which i t e r a t i o n   w i t h i n  $PROFYL begins .  

J S  f o r   n e x t   r e c a l c u l a t i o n .  

Index   of   l a rges t  7l value   read   in ,  (JYZJD) .  
JYM JY - 1. 
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KMI 

LABEL 

LOOP 

MT 

01 

P 

PB 

PM 

Q 

QR 

QW 

R 

RB 

RDT 

RL 

RM 

RW 

Rx 

S 

SB 

sc 

SF 

S IG3 

Maximum  number of complete  iterations  allowed  to  calculate  a 
profile . 

Storage  for  the  label  which  appears on all output. 

Index of iterations  to  calculate  profile  whose  maximum  value 
is KMI. 

= ~~(U-u)/~~(r/r~)dy, momentum  thickness  in  same  units as X, [ e ] .  " _  
0 

Float'ing  point  value of IO. 

= 6% /U, parameter  in  equation (ll), [PI. 
X 

Value of P at  previous  x  station. 

= 4 (P+W) , intermediate  value  of P. 

= Q + R  . 
= @+RM 

r  6"/rWy  parameter  in  equation (11). 
W 
X 

Value  of  R  at  previous X station. 

= U 6 9 r / ~ ,  Reynolds  number  based  on  displacement  thickness. 

= uL/u, Reynolds  number  used  in  laminar  similarity  solution. 

= (R + RB) /2, intermediate  value of R. 
Radius of surface  of  body  in same units  as X, [rw]. 

= rw  /rw. 
X 

Parameter  in  asymptotic  outer  solution. 

Value  of S at  previous x station. 

Parameter  in  asymptotic  solution. 

- - G * / B .  

= (6.913, empirical  constant  in  the  effective  viscosity  for  the 
wall  layer. 

- 22 - 

I 



SK 

sw 

SYG 

TAU 

TPB 

TLTRB 

U 

TJX 

U+ 

VE 

VEB 

= 0.41,  von Karman c o n s t a n t   i n   e m p i r i c a l   e f f e c t i v e   v i s c o s i t y .  

= Nikuradse  [IS]  sand  grain  roughness  scale i n  same u n i t s  as X ,  [sw] . 
= 10n'3, where n is  t h e  number of   s ign i f icant   f igures   main ta ined  

by the  computer. 

= T/PU2,  nondimensional  local  shear stress. 

= [a(r?/rwp?)/arl]i-l,  shear stress gradien t  a t  previous x s t a t i o n .  

- 

Input  parameter  which  indicates  what  proportion of e f f e c t i v e  
v i s c o s i t y  is  l a m i n a r  and  what p a r t   t u r b u l e n t ,  [TI. 

Free stream v e l o c i t y  a t  each X s t a t i o n .  

= ux/u. 
= u/uT, Law of t he  Wall v e l o c i t y .  

Nondimensional e f f e c t i v e   v i s c o s i t y  (12), [ T I .  

Value  of VE a t  edge  of  layer  for  previous X s t a t i o n .  

VH, VHP Dynamic s to rage   p r inc ipa l ly   u sed   t o   ca l cu la t e   t he  homogeneous 
VHPP 

VP 

VR 

vw 
X 

XT 

Y 

w 
Y PS 

YY+ 

Y 1  

Y2 

p a r t  of t h e - s o l u t i o n -   i n  SPROFYL. 

= v /U, i n   t u rbu len t   f l ow and (V,/U)R~J~ i n  laminar  flow. 
W 

Value  of T i n   ou te r   pa r t   o f   t u rbu len t   l aye r .  

= v t r a n s p i r a t i o n  ra te ,  i n  same u n i t s  as U .  
W '  

Input   values  of x a t  which ca l cu la t ions  are to  be  performed. 

Convergence cr i ter ia  specifying maximum a l lowable   var ia t ion  
between r e s u l t s  of consecu t ive   i t e r a t ions .  

= Y/6*, independent  variable  normal  to  the w a l l ,  [Ill. 

= ?/6 , i n  untransformed  coordinates, see equat ion (6 ) .  JC 

Empirical  effective roughness scale. 

= yuT/u,   independent   var iable   in  Law of   the  Wall region.  

= Ta - 1, va r i ab le   i n   a sympto t i c   ou te r   so lu t ion .  

= Il - 1, va r i ab le   i n   a sympto t i c   ou te r   so lu t ion .  
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Naming  Conventions 

( )A Variable evaluated  at asymptotic Illatching point [ (  )a]. 

( )B Variable  at  previous X station, [ ( )b]. 

( )E Function of 1 evaluated at  free stream. 

( )P Derivative with respect  to 7 ,  [ ( ) '  1. 
( )W Function of ?1 evaluated at  wall, [ (  

( )1,2 Function of 11 evaluated  at v j  or lj+l 

$ (  ) Denotes  subroutine  of the  program. 

The relative locations of the X and Y indices are illustrated in 
Figure 3. 
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Y 

c.) Relative  Pbsitions of Y bdices  for Turbulent Flow. 
In laminar Flow, Since ue = u, JK i s  Arbitrarily 
s e t  Equal to  JE. 

7 

Figure 3. Illustrations of Meaning of .Tndices Used in 
X and Y Notation. 
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Main  Program 

The  program  divides  naturally  into  two  parts, as is  reflected  in 
the  flow  chart  shown  in  Figure 4 .  The  first  part  is  concerned  with 
the  preparation  of  an  appropriate f'(q) profile  and  associated  parame- 
ters  for  the  initial x station.  The  second  half  carries  the  computa- 
tion  forward  to  successive x stations.  Many  of  the  computational 
patterns  are  similar  in  the  two  parts  and  it  might  seem  that  the  two 
could  be  efficiently  combined.  However,  the  differences  are  funda- 
mental  enough so that  the  cause  of  clarity  is  best  served  by  keeping 
them  separate. 

The  first  few  instructions  read  in  all  of  the  input  data  required. 
The  appropriate  formats  for  the  data  and  the  requirements  on  the  in- 
puts  are  treated  in  Section V. Next,  the  related  profiles f (q) , f"(q) 
and ~ ( q )  are  calculated  from  the  input f'(q). Then  all  of  the  input 
information  and  related  profiles  are  printed  out  for  reference. If a 
similarity  solution  is  to  be  used  to  start  the  boundary  layer  the  in- 
put  profile  is  merely  a  rough  guess. In this  case  the  program  recal- 
culates  the  initial  profile  in  the  iterative  loop  which  follows.  If 
the  input  profile is to  be  used  as  it  is  this  recalculation  is  not 
performed.  Finally,  in  either  case,  several  other  initial  parameters 
are  calculated  and  the  initial  profiles  and  parameters  are  printed  out 
in their  final  form.  This  is  the  end  of  the  initialization  portion 
of  the  program. 

The  forward  motion  part  of  the  program  consists  of  a  loop  which 
cycles  for  each  x  station  calculation.  The  loop  begins  by  moving 
the  known  profile  into  storage  for  the  profile  at  the x station  before 
the  one  to  be  calculated.  Then  the  input  boundary  conditions  are 
printed  out  for  reference.  This  is  followed  by  the  iterative  loop 
to  calculate  a  new  profile  at  the x station.  When  this  calculation 
has  converged  integral  parameters  for  that  position  are  calculated 
and  the  integral  test  for  accuracy  is  printed  out.  This  process 
continues  until  profiles  have  been  calculated  at all x stations.  Finally, 
for  convenience,  a  summary  of  the  parameters  of  the  flow  is  printed  out. 
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Figure 4a. Flow Chart for the Init ial izat ion Section 
of the Main Program. 
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I 

Figure 4b. Flow Chart for the Forward Motion Section 
of the Main Program. 
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I 

E 
T H I S  COHPUTER PROGRAM PERFORMS A NUHEBICAL  INTEGRATION 

C 
C 

OF THC  EQUATIONS OF HOTION FOR A I  I I C O H P R E S S I B L E  TWO-DIHENSIORAL 
BOUNDARY LAYER. BOUNDARY LAYER CALCULATIONS HAY EE CARRIED OUT 

C FOR BOTH LRHINAR A1ID TURBULENT PLOW FOR ARBITRARY  REYNOLDS UUMBER 
C 
C 

AND HAINSTREAH  VELOCITY  DISTRIBUTION 0 8  PLANAR OR AXISYHHGTRIC 
BODIES WITH  YALL SUCTIOU OR BLOWIWG AUD WITH A ROUGH OR A SlOOTH 
WALL. 5 

; GEORGE L. HELLOP A N D  H. JAHES  HERRING 
C PRINCETON  UNIVERSITY 
C 

DIBENSION Y 250 11 250 YE 250 TAU 250 TPB 250 B 5 250  

DIHENSION V 2 5  f V P ( 2  b V P P (  5 0  
DIHl3NSIOl4 P 1 2 5 0 b 8   F P 1 2 5 0 k '   P P d , 2 5 b i  PB 12501 : FPB i250{: d P f i  ( 2 5 b )  

DIHENSION ~ j ( 6 b f .  d$:ba, . SP 6 0  R D  (6 f .  cd(6bf. ~ f ~ d . ( 1 8 )  
DIHENSION X 8 0  b T U h b 1 6 0 ]  ; R Y j k O b  V U  6 0  SH 60 CY ( 6 0 )  

REAL I T  
DATA J D  I D  K H I /  250. 6 0 .  10/ 
DATA SRJ 0.41 
DATA AT ET f T /  0.001, 0.00000001, 0.005/  
WRITE 8 99 

C **** READ f N f T I i L  PP PROFILE A N D  I N I T I A L  VALUES OF DT. RDT A N D  B **** 

x STATION **** 
READ 5 U ' X ( 1  
DO 100  1-1 I D  

I x= IF ]x {I!. LT.- 1 b6oPd;' 60 TO f o\' TURB I R Y ( 1 )  . VY(1)  . SU(I), CW(1)  

100 CONTIHUE 
101 CONTINUE 

Y A PACTOR OF J D I V  A I D  CALCULATE P. PPP. JA A N D  l T  
CALL  DIVIDE J Y .  J D I V .  YY V H  J D  
1 = 1  
CALL DIVIDE IJc. J D I V .  rp: vtr: J D ]  

**** 

102 
1 0 3 , 1 0 4 , 1 0 9 ) ,  I O P  
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103 

104 

105 

110 

120 

125 

CONTINUE 
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71 FORMAT 1 H O  1 X  ZHJR 2 X  2HJS 2X 2HJM 2X 2HJA 2\ 2 H J E  
1 SX,  J H P J E .  611, UHFhPU.'8X, 2 k S P   * 9 X   1 f i P  4X, lH6. 9k l H S *  
2 7X 38CAP 6 X  3HFPA 7 X  4 H F P P i  6 f  4H6HPA 6 X  SHFfiPPA/It lO) 

C **** SET  PARAMETEhS  DEPENDING O N  WHETHER PLOY I S  LAMINAR OR TURBULENT 

c **** B E G I ~ N I N G  OP L O ~ P  TO GENERITE NEW ~ N I T ~ A L  PP  PROPILE **** 
DO 399 LOOP=l K U I  

GO TO 303,309.310,300,303.309.310), I O P  

C = P ( J E  LC 
P=C*C*AL*BS (20a 

R = O .  0 

300 CONTINJE 
C **** SET  P*  Q* A N D  R *  *** 

**** 

¶b) 

30 1 
302 

30 3 

305 

GO TO 305 
QR=Q+R 

CONTINUE 

S=l./QH*SC 
GAM=O. 0 
GO TO 320 

P = - T A U *   1 )  L B S *  

gXJl4=2. QET *TAU A B S  111 T U ( 1 ) ) )  

309 CONTINUE 

310  CONTINJE 

C **I* SET P Q R 1ND  CALCULATE VE 

J U  1 * (?!Ab (1)   +VP-P)   -P-R)  / (1 .  

ALL VIS ( J E ,  J Y  J D .  YY. TAU, 
1 C Y ( 1 )  . J K .  VEf 

+*** 

+ G A H / S K *  

TUBE ( 1 )  , 
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320 COHTfNUk 
S=VE JE / (Q* (1.  +GAI/SK) + R )  *SC (28) 

I F  IOP.LE.3) GO TO 410 

JIP=JA+l  
DO 330 J=1, J A P  

C **** I F  PROFILE IS CORRECT AS IT IS, S K I P   I N I T I A L I Z A T I O N   C A L C U L A T I O N  **** 
c **** CALCULA4E  COEFFICIENTS A N D  CALL SPROFYL FOR F, PP, pep SOLUTION ***I 

F P P d = P P P   1 )  

(34a,b,c 

CALL  PROPYL 
1 J n  PPA J h p A  * F R P ~ A , ' c A P .  F: P P ,   * F P P ,  V H ,  VHP,  VHPh) 

JY J D  r B ET 0.0 1.0, P P P U ,  s,  C A  

C **** CALCbLATE'TAU A k D  SF g * * *  
DO 3 4 0  J= l  JY 
T A U  J )   - V E . ( J )   * F P P   J )   * S Q R T  (1. +CA*Y (J) ) 
VHIJj\=;P ( J )  * ( l . - F b ( J ) )  

CALL  INTEG J E  J D ,  Y ,  V H ,  0.0, VH) 
S F ( 1   F ( J E )  V H  J E  

WRITE ( 6  72)  JK J I  J A  J E   F ( J E ) ,   P P P ( 1 ) ,   S F ( l ) ,  P, Q, S,  

d R I T E  (d '66  

3 4 0  CO T NUE 

C **** P R I h i  OUT jNT!!!RHkDIATE PARAnETERS A N D  VARIABLES **** 
1 CAP,  PPA,  FPhA  PHPA'  FHfiPA 

72 PORIAT 13, Si, 3 ( 1 3 ,   l X ) ,   l l ( l P E 9 . 2 ,   1 X ) )  

C **** RESET  AsYtl!?TOTIC  HATCHING  POINT EVERY T H I R D   T I n E  **** 
;E 34 

3 9 4   C O N L N U d  

399 C O N L N U e  

LOOP/3) *3.  NE-LOOP) GO TO 395 
4 J=1, J E  

JA=J 
I F  ABS P P ( J ) )  .LT.AT) G O  TO 395 

C **I* TEST FOR CONVERGENCE P J E ) = l . O  **** 
C **** END OF LOOP TO GENERATE NEW I N I T I A L   P P   P R O P I L E  **** 

395 CONTINUE 

I F  L O O P . G T . 2 , A N D . A B S ~ F ( ~ ~ ) - 1 . 0 )  .LT.XT) GO TO 4 0 0  

4 0 0  CONTINUE 

4 1 0  CONTINUE 
G O  TO 4 1 5  

WRITE ( 6  7 2 )  J K  JA J A  J E   F ( J d ) ,   P P P ( l ) ,   S P ( 1 ) ,  P, V, S, 

G O  TO 430,440.440,420,430,440,U40), IOP 
I X F = 2  

I X P = 3  
I=2 

C **** PRINT OUT PERTINANT  PARAHETERS IF I N I T I A L   P R O F I L E  IS CORRECT AS I S )  

1 C A P  PPA,  P P ~ A ,   PA: P H ~ P A  
4 1 5  C O N T I N ~ E  

4 2 0   C O N T t N J E  
C **** FOR OPTION  4,  CALCULATE D T ( 2 ) ,   R D T ( 2 )  A N D  PRINT  EXPLANATION **** 

**** 

SF-2 = S F  1 

R D I  !2 = R I ! * L G ( J  / X ( $ ) - d d l { )  
DT 2 = ( X  2 X 1 ) )  * S  RT 2 . *Q/  ( B S + l . ) / R L )  

I F   J A B S ~ B S - I . O ] . ! T . ~ . ~ ~  1 D T ( l ) = D T ( Z )  

f f E l T k =  ( 6 , B b )  X 121, X ( 1 )  , DT ( 1 )  
D ( 1  / S F  1 
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80 FORRAT 
1 4 2 H I J 1 i * S T A R T I N G   L A H I l A R   S I H I L A R I T Y   P R O F I f E .  
2 4 5 H I T  I S  TAKEN TO B E  IDENTICAL TO THE PROPILE8AT/  
3 1 X  U H X  = , P10.5.  11HYHERE DT = , E9.2) 

29HTHE  FOLLOUING  PROFILE AT X = F 1 0 - 5 ,  1x8  

c * *e*  POR L A M I N A R  PLOY C O N V E R T  P*. Q*. R *  A N D  V E *  T O  P, Q, n A N D  
430 C O N T I ~ U E  

(I) *SQRT  (1. +CA*Y ( J )  ) 

C **** CALCULATE DTX. NT AND C P  **** 4 4 0  CONTINUE 

DTXn=Q-P 

C F ~ I ~ = 2 . ~ T k U   ( 1 )  
HT I =DT I / S F ( I )  

YRITE 6 99 
CALL F I L E  LABEL 1 y r  F PP. FPP.  V H ,  V H P  VHPP, VE, TAU 

C **** P I T P R O F I L E S  A N D  PARABETZRS  YITH  $FILE * * * *  
1 x u T J R B  R b ,  ~w ~ u , * c u ,  RDT, DT, nT, SF, CF, 
2 Jfi J Y  J D :  I D 8  J D f V )  

C **** CIl!.CULBl'E T P b  **** I F  Ik-1,f .E.  0 STOP 

DO 4 8 0   J = 1  JY 

T P B  ( " G j d S  ( J j  -4.) + G A A / s K * Q *  ( l . - F p  IJ] \ ;*pp (J) 
:R * Y ( J )  * l .+tiAH/SK)  -F J GAFl/SK*R*Y ( J ) - V P )  * P P P  

I 48O1C0N;fNU 
L 
C 
C **** END O F   I N I T I A L I Z A T I O N ,  R E G I N N I N G  OF P O R U A R D  NOTION IN X ** 
C 
C 

D O  899 I = I X P ,  I X  
I X A = I  

DO 510 J = l , ' J U  
P B ( J ) = F   J )  
pFF:$J) = d P j J )  

J = F  P ( J )  

VEB=VE ( J E )  

c **** U O V E  F F P  p e p ,  B A C K  TO M O V E  P O R ~ A R D  I N  x * * * *  

5 10 CONTf NLE 
P B = P  
R B=R 
S B = S  
I B = I -  1 

CAl=O.O 
R X = O .  

ve **** 

8 
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I ) * ( X  f - X ( i - f  X ( f + l  - ! t ( i - f ) ~ / ( i ( I + \ ] - x ( I )  
l . - R X ~ R ~ ( I )   * H X k k d \ I ) ) / R b  (I) 
I - 1 ) - x   I + 1 )  / X ( 1 ) - X   1 - 1 )  / x I -x 1 + 1  

C **** PRINT  INPUT  PARAHETERS FOR NEXT X STATION **** 5 2 0  CONTINUE 
WRITE 6 5 1  

YRITE 6 70 
WRITE 6.76 
WRITE /6:60( d ~ ~ ~ ~ L d ~ k i .  TUtiB(!) , RW (I) , V Y  (I) , su(1) , CW(I)  

K = 1  18 

76 FORMAT ? H O  1 X  2HJK 2 X  Z H J S  2X. 2HJn 2X, 2 H J A  2X, 2HJ 
1 5X J H P J B ,  62. UHPhPY.;;X, 
2 7X '  3HCAP 6X 3HPPA 

ZfiDT, 8X 2kPM 8X 2kQfl 9X 
4HPPPA 6 f  UHFkPA,*6X,   5kPHPbA c * * * *  B E C I ~  I T E R A ~ I V E * L O O P  ~6 C A L C U L A T E  ~ R O F ~ L R  *e * *  

D O  7 9 9  LOOP=l KHI 
c **** R E C A L C U L A T E  b~ R D T ,  P. u, n, s A N D  V E  **** 

DT I DT I) *P ( J B )  

DTXd= DT I) - D 1  (IB) ]/Dlr 
R D l l  k r = R S T  (TB *u (I / u  ID) *DT ( I ) / D T   ( I B )  

P=DT f J 
;;zd,:,:b62- 6 L* x 

6 0 2  
b O  1 

RgRiGDT i )  
RH= (R+R$ 
QRn=Qa+RV2- 
CA=CA 1 *DT I 
IF 6 R Y ( I ) ) D k J I )  .LT.O. 1 )  GO TO 6 0 2  
DO 0 1  J = l  Y 

Cn YYdJ\=2.*YlJ)/(l.+SQRT(l.+CA*Y(J))) T N l l E  

1 

E 

:%0, 

6 1 0  

c *** 

c *** 620 

77 

1 J H  PPA jgEi FfiPA. PHPPA,  CAP. P: PP. 
CALL  PROPYL J A  J Y .  J D .  Y ,  B ET 0.0. 

DO 6 2 0  J = l  J E  
'* C A L C ~ L A T E * T A U  *4**  

:;XLii VE~J)*FPP(J)*SQRT(1.+CA*Y(J)) 
PRINT OUT INTERHEDIATE PARAMETERS A N D  V I R 1  

U E I T E  ( 6  7 7 )  JK J H  JA. JE P ( J E )  , P P P   ( 1 )  , 
F O R i l A T ' ( l X ,  13, sf, 3(15, l X ) ,  11 ( 1 P E 9 . 2 ,  1 

1 C A P  PeA, F P ~ A  PHPA P H ~ P A  

P P P ,  V H .  VkP,  VHPh) 
1.0, PPPU S. CA 
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c **** TEST don FATAL ERROR P J E  LT 0.0 **** YRITE 6 98 

799 CONTINUE 

800 CONTINUE 
C **** END OF ITERATIVE LOOP TO  CALCULATE PROFILE **** 
C **** CALCULATE TPB **** 

DO 810 J = l  J Z  

810 CON I UE 
TPBdJL=B  (4 :J )  +B ( 3 . 5 )   * P P P   ( J )  t B  ( 2 . 5 )  *FP   ( J )  + R  ( 1  ,,I) *P ( J )  

J E P =   J E +  1 
DO 811 J = J E P .  JY 

81 1 cT:x$;oe- O 
C ***I COHPUTE SF, n T  A N D  CF **** 

DO 8 4 0  J = l  J E  
V H A J \ = P P   ( J f *   ( 1 . - P P   ( J )  ) 

CALL  INTEG J E  J D ,  Y ,  V H ,  0.0, VH) 
SF I = 1 , / V H  JEf 

C F l I [ = 2 .  IJT I = D T J I \ ) S P ( I )  T Ui l l  

B 4 0  C O  T NUE 

C **** CAL  ULATE I T GRAL O F  EQUATION **** 

1 

C * * * *  PRINT  RESULT AS A N  INDICATION OF ACCURACY, COl = C 0 2  * * *+  ( 3  
URITE (6  85) CO1, C02 CWT 

85 POHNAT ( I ? H O A  30X, 29HfNTEGRAL OF NOWENTUR EQUATION 3 X .  

2 20x P8 5 
1 29HC BUL T I V E  NOBENTUB INTEGRAL. // 3 7 X .  F 7 . 4 ,  4H' = , F7.4, 

c * * * *  HESETSBT,-& A N D  RDT TO NATCll THE SKIN  FRICTION ***+ 
DTS=DT I)  

D T j I \ = S F  111 * n T j I k  
HT I =AT I *COL/COl 

DTKd= ( D T j I b - b T j I B p . + X  
R D  ) = R D T ( I  / T *DT I)  

DO 8 9 0  J=1 J E  

JA=1 I F  A B S ( P P . ( J ) )  .LT .AT)  GO TO 8 9 1  

CALL F~LB~~~LBEL I y r  F p p ,  F p p ,  V H ,  VHP VHPP VE. TAU, 
1 x  RG, f U  sW,*CU, RDT,  DT, WT, EF, CF: 

c ****RESET AS n TOT c A C H I N G  POINT,  JA ***I  

8 9 0  CONTINUE 
8 9 1  CONTINUE 

C * * * *  P R I N T   P R O F I L E S  A N D  PARANETERS  YITH S P I L E  * * * *  
YRITE b 99 

2 J E  j Y ,  J D :  I D ,  J D f V )  
8 9 9  C O N T I ~ U E  

C **** B R D  OF PORUAHD HOTION I N  X **** 
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GO TO 905 
C I*** PRINT  PROPILES A N D  PARAMETERS  UHICH  CONTAIN  FATAL  ERROH, PJE LT 

901 CONTINUE 

YRITE 6 99 
CALL PfLf L A B E L  I Y Y  P PP P P P  V H  

I x u T 3 R B  RG. b u  ~u,'Cu.'RDT,*DT,'n~~'~~. cp. 
2 JB. 5,. JD: ID. J D ~ V )  

VHPP, VE. TAU, 

C **** P R I N T  OUT S U M M A R Y  OF P R I N C I P A L  BOUNDARY LAYER  PARAMETERS **** 905 CONTINUE 

YRITE 6 9 0  (LABEL(R) , K=1.18) 

DO 9 1 0  I=l I X A  
YRITE {6:91] 

YRITE ( 6  92)  X I DT I HT I S F  I C P ( I )  RDT ( I )  , U ( I )  I 

WRITE (h 99 

1 26X. 18A4 

1 3 H R D Y ' ~ ~ 4 ' 1 ~ ~ f . 6 ~ ~ * 4 H ~ U ~ ~ .  6k. 2HRb. 7k.  ~ H V G ,  8 1 ,  2 ~ ~ 6 .  

1 P9.4 ,  1X: Fd.3:  !;;4b4.::'lX. P8.6 , '1X,-P4 .6 .  1 X .  P q . 6 )  

1 TURB 1 1 ,  R u I I { :  v u I I ] :  sw 1x1:  c u \ I ] *  
910 CONTINUd 

90 FORMAT ()/4kXI 3 9 H P R I N C I P A L  BOUNDARY LAYER PARAMETERS FOR/ 

91  PORHAT 2HDT 8 X  2HUT 6X 2HSF 7 X  2HCP E X .  

9 z  P O R P I A ~  ( / 3 x  3 IX 
2 8 X  2hCU) 

P7.4 1 X  FY 6 1X. P9.0 1 X .  

STOP 
E N D  

0.0 **+* 
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Description  of  the  Subroutines 

Subroutine VIS c a l c u l a t e s   t h e   e f f e c t i v e   v i s c o s i t y ,  T ,  i n  terms of 
t he   l oca l   f l ow  va r i ab le s .  The e n t i r e   e f f e c t i v e   v i s c o s i t y   h y p o t h e s i s  
for tu rbulen t  flow is con ta ined   i n   t h i s   sub rou t ine  so that   changes  can 
be made wi thou t   a f f ec t ing   t he  main  program. 

In laiuinar flow T is merely 1. /Rs* . In   tu rbulen t   f low T i s  
given by 

T = cp(R6* X)/R6* + $ (X) - X (42 1 

*ere X = K y a / U 6 * .  The form of   the  funct ions cp and @ is shown i n  
Figure 2. A more complete   discussion  of   this   hypothesis  is g i v e n   i n  
Reference [l]. 

A method of   s imula t ing   the   e f fec ts   o f  wall roughness  in  turbulent 
flow is provided and is completely  contained  in $VIS. This is  accomplished 
by adding a quant i ty   ys+to x in   Figure  2a s o  t h a t  cp(X) is modified t o  
cp(X+ ys+). y,+is   then  funct iona1ly ' re la ted t o  s+,/u so tha t   p red ic ted  
p r o f i l e s  conform to  Figures   20.21  in   Reference [ll] where ks = s, i s  
Nikuradse's  roughness  height.  For small S + ~ / U  one obta ins   hydraul ica l ly  
smooth predictions  whereas  for  large swuT/u, hydraulically  rough  pre- 
d ic t ions   a re   ob ta ined .   In   any   event ,   the   d i rec t   e f fec t  of roughness i s  
t o  d i sp lace  downward the  logari thmic  port ion of the law  of t he   wa l l  and 
t o   i n c r e a s e   t h e   s k i n   f r i c t i o n   c o e f f i c i e n t .  

F ina l ly ,  a very  minimal mechanism €or caus ing   t r ans i t i on  is 
p rov ided ,   aga in   en t i r e ly   w i th in   t h i s   sub rou t ine .   Th i s  mechanism allows 
the   u se r   t o   spec i fy   t he   r e l a t ive   p ropor t ions  o f  laminar  and  turbulent 
k inemat ic   v i scos i ty  which will preva i l   a cco rd ing   t o   t he   r e l a t ion  

T =  Tturbulent  + Tlaminar, 

In   completely laminar flow T = 0 and i n   f u l l y   t u r b u l e n t   f l o w  T = 1. 

(43 1 

Class i f i ca t ion   o f  Arguments 
Inputs :  JE, JY, JD, YY, TAU, TURB, N, RDT, DT, -CW. 
Outputs: J K ,  VE. 
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200 
2 10 

220 
3 0 U  

3 1 0  

1 JK VE) 
SUBROUTINE VIS (JE, J Y ,  JD, Y Y ,  TAU,  TURR, 

DATA SIG3, Sd, b k / 3 2 8 . 5 1 ,  0 . 4 f ,  b . O l h /  
JR=JE 
GAN=SQRT  (ABS  TAU  (1 
I F  (TURB.  LT.  j .OE-lkJ] GO TO 300  

YPS=SU/D~*RDT*GAn/30,0*( 1 . 0 + 3 . O * E X P ( - S U / D T  
V H = R K  

JK=J 
DO 200 J = 1 ,  JY 

CHI=SK* HDT*YY J )  *SQH?'(ABS (TAU ( J ) )  ) t Y P S )  

D I N E N ~ I O N  Y Y  J D  T A U ( J D ) ,  V E  J D  

C H I ~ = C ~ * C H I * C ~ I  
+ C H I 3 * C H I /   ( C H I 3 t S I G 3 )  ) /ADT 
.GT.Vr() G O  TO 2 1 0  

G O  TO 3 0 0  
CONTINUE 
DO 220  J=JK, JY 

CONTINUE 
DO 310 J=1 J Y  
CO  T N U E  
VE6J\=TURBsVE (J) + ( l . - T U R B )  / R D T  

RETURN 
END 

:o"d%;," 

SY, RDT,  DT, CiJ, 

'*HDT*G&H/ISU.O))  
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Subrout ine PROFYL con t ro l s   t he   numer i ca l   so lu t ion   o f   t he   o rd ina ry  
d i f f e r e n t i a l   e q u a t i o n  (32). Actua l ly ,  as d e s c r i b e d   i n   S e c t i o n  111, 
two s o l u t i o n s  are obtained  corresponding  to   the homogeneous  and the  
p a r t i c u l a r  forms of the   equat ion.   These are then combined t o  form the  

. complete   solut ion so that   the   boundary  condi t ions (13) are s a t i s f i e d .  
1 .  The a sympto t i c   ou te r   . so lu t ion  is a160 c a l c u l a t e d  so t ha t   t he   ou tpu t  

is the  complete f' p r o f i l e .  

C l a s s i f i c a t i o n  of Arguments 
Inputs :  JE, JA, n, JD, Y, B, ET, FW, FPW,  FPPW, .S, CA. 
Outputs: JM , FPA,  FPPA, FriPA. MPPA, CAF, F,  FP,  FPP, VH, VHP, VHPP. 
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240 

2 5 0  

2 6 0  
2 7 0  

2 8 0  

J&JR- I 
CONTINUE 
GO TO 230 
P P A = P P   J H )  
PPPA=P$P JH 

PHPPA=VH P ( J H  
PHPA=VHP/Jt l{  

DO 250  J = I  Jb 

P ~ J L - P  
J ) + ~ A P * V H  J 

P P b j J L = P d P  p = d P   J )   ( J )   + C A P * J A b d J b   + C A P * V  P ( J )  

DO 466 J = J t l ,  JY 
J E = J  

CON I UE 
1 1 =  Y J H ) - 1 . ) * * 2 / ( 1 . + C A * Y   ( J t l ) )  

CONTINUE 
DO 280 J = J E ,  JY 

PdJJ7-d.  0 
P J )  P J E )  

RETURN 
END 

pp CON 4 J k = 0 - 0  I OE 
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Subroutine RUNGE is a subrou t ine   ca l l ed  by $PROFYL which  contains 
t h e   a c t u a l  Runge-Kutta  equations  (equations  35a,b,   in  Section 111), which 
are used t o   c a l c u l a t e   b o t h  homogeneous and p a r t i c u l a r   s o l u t i o n s  for each 
s t e p   i n  TI. 
C l a s s i f i c a t i o n  of Arguments 

Inputs :  B11 ,  B U ,  B13, B14, B U ,  B21, B22, B23, B24, B25, BY, 
F1, FP1, FPP1. 

Outputs: E2, FP2, FPP;! . 

1 852, D Y ,  P I .   F j l ,   k P P 1 ,   P 2 ,   f P 2 ,   k P P 2 )  
SUBROUTINE R U N G E  811 0 2 1 .  831 B 4 l  851, 8 1 2 ,   8 2 2 ,   8 3 2 ,   8 4 2 ,  

KUTTA INTEGRATION FOR THE E UATION 
THIS  SUBROUTINE PERPORnS ONE STEP OF A FOURTH O R D E R  RUNGE- 

8 1  l . .B51 A N D  8 4 2 . . 8 5 2  A R E  THE REQUIRED  COEFFICIENTS AT Y (J A N D  
Y J )+DY  RESPECTIVPLY YHEREAS P 1   P P I   P P P l  A N D  P 2 ,   P P 2 .   F b P 2  ARE 
T d E  DEPENDENT  VARIA8f.ES A U D  THBIk DERfVITIVES.  

B 5 * P P P )   P = B 3 * P P P + B Z * P P + B l * P + B 4  
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Subroutine INTEG performs a simple trapazoidal quadrature. 

Classif ication of Arguments 
Inputs: JE, JD, Y, FP, FIRST. 
Outputs : 3'. 

B R O U T I  NE I N T E G  
n E N S I O N  Y (JD) , dg7fD) , P ( f D p p '  

JD, 1 
f l = J E - 1  

P P Z = P P - J + l )  
P f . l +  I \  =P 
P I = P 1 *  [ Y j J + I ) - Y  (J)) *(PPZ+PP1)/PI 

FIRST, 

110 

120 
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I 

! 
1 
i 
! 

I Subroutine DIV subdivides  the  interval  between the values  which 
define a function  using a linear interpolation. 

Classification  of  Arguments 
I Inputs: Jy, JDN, Y, VH, JD. 

Outputs: JY, Y. 

i 

1 1 0  

1 2 0  
130 

1 4 0  

SURROUTINE D I V I D E  
DIHENSION Y (JD) , V ( J  ) 

flJYb  JDIV, Y ,  V H ,  
DO 1 1 0   J = l ,  JY 

CO V H d J i = Y d J ’  T N U  

JY?I=JY-l 
DIVJ=JDIV 

JY= JY H*J D I V  

Y JP-1)  = V H  J )  
D d  1 2 0   J f = f P   J L  
Y d J l I = Y d J l - l f + D Y  c NT nu 
C O N T I N U E  
IF JL+l .LE-JD X J Y + l ) = V R ( J Y n + l )  

JLP=JL+2 
DO 140  J-JLP, JD 

RETURN 
END 

I F  IJL+l.GL.JD{ B L u B w  

:d:lri;: 
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C 

Classification of Arguments 
Inputs: LABEL, I, YY, F, FP, FPP, VH, VHP, VHPP, VE, TAU, X, U, 

Outputs : NONE. 
TlTRB, RW, VW, SW; CW, RDT, DT, MT, SF, CF, SE, Jy, JD,  u), JDN. 

110 

10 
9 

11 

1 2  

13 

20 

2 1  

1 X U TURB R 6 ,  V U  Sri: CU: R h ,  6T,  H+, Sf, CP: 
SUBROUTINE  FILE  LABEL,  I Y Y  F PP PPP VH  VHP  VHPP, YE, TAU, 

REAL kT 
DIHENSION Y Y  J D )  , VE J D )  , TAU J D ) ,  B B  13)  L A B E L ( 1 8  

DLflENSION X lI:{: ~ ~ ~ ~ P ! 8 R D T ( f D P ! ' T ~ ~ ~ ~ ~ ~ ~ 8  RY{ID]: VH(I6) , S Y ( 1 D )  , DIHENSION Y PPP d . VHP J D  LHPP J D )  

2 J E  S Y ,  JD: ID, J D ~ V )  

1 C Y  I D  

YRITE ( 6 , 9 )  
R E T U I l N  
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V. PROGRAM OPERATION 

Input 

J u s t  as t h e   p r o g r a m   i t s e l f   f a l l s   i n t o  tQo p a r t s ,   t h e   i n p u t   t o   t h e  . 
program is best   considered i n  two p a r t s .  The f i r s t   p a r t  i s  the   choice 
of the  method o f   i n i t i a l i z a t i o n   b e s t   s u i t e d   t o  a specif ic   problem. Here 
the   dec i s ion  is made on  the basis o f  which  method b e s t   r e p r e s e n t s   r e a l i t y .  
The second  part  of the   input   concerns  the downstream calculat ion.   There 
is considerably more l a t i t u d e   i n   t h e   s p e c i f i c a t i o n  of how t h i s  is t o   b e  
ca r r i ed   ou t .  

The i n p u t   t o   t h e   i n i t i a l i z a t i o n   s e c t i o n   b e g i n s   w i t h  a t i t l e ,  
w r i t t e n   i n   t h e   f i r s t  72 columns of t h e   f i r s t . c a r d .   T h i s  t i t l e  is pr in ted  
as a l a b e l  on a l l  of  the  output  produced,by  the  program 

The f i r s t  group  of   numerical   inputs   apply  to   the  dis t r ibut ion  of  'll po in t s  
and the   input   f ' ( 'Q)   p rof i le .  To save   t he   e f fo r t  on preparing a l a rge  number 
of input  values,  provision  has  been made i n   t h e  program to   subdiv ide   the   input  
values  of 'Q and f '  ('Q) . The number of  subdivisions  between  each  input  value 
i s  spec i f i ed  by JDIV. The t o t a l  number of 'Q values  which is to   fol low i s  
JY. JY and J D I V  must   be  such  that   the   product  of JDIV and JY is less than 
JD. Then t he  'll values  are lLsted 6 t o  a card.  These are followed by JE, 
. de f in ing   t he   t o t a l  number of p ro f i l e   va lues  f '  and f i n a l l y   t h e   f '   v a l u e s  
l i s t e d  6 t o  a ca rd .  
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Since  the 7 s t e p   s i z e  i s  f ixed,   the   input   spacing,  when subdivided 
by JDIV, should  be  adequate  to  define a p r o f i l e .   I n  a wholly  laminar 
ca lcu la t ion   the  ll spacing need not  vary  appreciably  across  the  layer  but 
i n  a ca lcu la t ion   wi th  a turbulent   port ion,  smaller spacing  should  be  pre- 
sc r ibed   c lose   to   the  w a l l  than i s  spec i f i ed   fu r the r   ou t ,   i n   o rde r   t o  
reso lve   de ta i l s   bo th   v i scous  and logar i thmic   in   por t ions  of t he  l a w  of 
the w a l l  region. The outer  edge of the boundary l a y e r   i n  7 coordinates 
w i l l  not move in   o r   ou t   app rec i ab ly  as the  calculations  proceed downstream 
because 1 has  been  normalized  with 6*. However, f ineness of 1 spacing 
near  the w a l l  w i l l  be  conditioned by the   l a rges t  Reynolds number encountered 
i n  a ca lcu la t ion .  A few sample calculations  should  provide  the  necessary 
experience.  The samples  of 7 dis t r ibu t ions   p resented   in   these  examples 
should  cover most cases ,  however. F ina l ly ,   for   very  small x-s t ep   s i ze ,  
smaller ?l spacing w i l l  be required  throughout  the  layer.  

In   the   spec i f ica t ion  of t h e   i n i t i a l   f '   p r o f i l e , t h e   r e q u i r e m e n t s   d i f f e r  
g rea t ly  depending  on  whether  the  input  profile i s  t o   b e  used  without  change 
or is t o  be reca lcu la ted .   I f   the   input   p rof i le  is  t o  be  used as i s ,  some 
confidence i n  i t s  compat ib i l i ty   wi th   the   in i t ia l   p ressure   g rad ien t  i s  
assumed.  For a turbulent   f low,   the  prof i le  must be def ined   in   the  l a w  of 
the w a l l  r eg ion .   I f   t he   p ro f i l e  i s  known from  experiments,  for  instance, 
and as i s  f requent ly   the  case, only  the  outer   par t  i s  known with  confidence,  
then it  is best   to   supply  the  required  points   c lose  to   the  wal l  from the 
widely  accepted  empirical " l a w  of the wall". On the  other   hand,   i f   the  
i n i t i a l   p r o f i l e  i s  to   be   r eca l cu la t ed   t o   ob ta in  a s imi l a r i t y   so lu t ion ,  i t  
may be a rough  guess;   the  calculation  of  the  similari ty  solution  converges 
s t rong ly   t o  a prof i le   independent   of   the   input   prof i le .  

The next few cards are concerned  with  the method of i n i t i a l i z a t i o n  
i t s e l f .  The v a r i e t y  of  s i t u a t i o n s   f o r  which the  progtam has  been  imple- 
mented i s  g iven   in   the   fo l lowing   ou t l ine ,   a long   wi th   the   appropr ia te  sets 
of input  cards  for  each.  Their  theoretical   basis  has  been  discussed  in 
Section 11. 

The f i r s t  parameter  on  the f i rs t   card  of   each  group,  IOP, is the 
opt ion number as ass igned   in   the   fo l lowing   ou t l ine .  The second  parameter, 
I O ,  designates  whether  an a x i s m e t r i c  flow i s  on  the  inside ( I O  = -1) 
or   the   ou ts ide  ( I O  = 1) of the  surface.   For  plane  f low I O  need not  be 
spec i f ied .  

THE INPUT PROFILE IS  TO BE USED AS I S .  

Laminar Flow 
Option 1, i n i t i a l  6 * ,  R6yc, and U x s " 2 / ~  are known. 
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Turbulent Flow 
Option 2 ,  i n i t i a l  6*, Rgfrr and B are known. 

Option 3 ,  i n i t i a l  6*, R6*, and (UxS*/U) a r e  known. 

THE INITIAL PROFILE IS TO BE CALCULATED USING THE INPUT PROFILF, AS A ROUGH 
GUESS. 

Laminar Flaw 
Option 4 ,  RL = (%- xl)U(x, )/V and B in   equat ion (20) a r e  known. 

( In   t h i s   ca se  u" (x1) G J C ( x l )  = 0.) 
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Option 5,  i n i t i a l  6*, R6*, and U 6@/u are known. 
X 

Turbulent Flow 
Option 6 ,  i n i t i a l  6*, R6*, and i3 a r e  known. 

Option 7, i n i t i a l  6* ,  R6*, and (U 6*/U) a r e  known. 
X 

Only i n  Option 4 i s  the   ca lcu la t ion   ac tua l ly   s ta r t ing   f rom  the   beginning  of 
the  boundary  layer  growth.  In  this  case,   the  posit ion X ( 1 )  corresponds t o  
t h i s   i n i t i a l   p o i n t  where e i t h e r  DT o r  U should  be  zero  and  the  s imilar i ty  
laws are used  to  provide  values a t  X(2).  Therefore,  t o  c a l c u l a t e  a plane 
s t agna t ion   po in t  flow (B = l . O ) ,  f o r  example,  U(l)  must  be 0 .0 .  S imi l a r ly ,  
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a Blasius  flow (B = 0 .O,  DT(1) must  be 0.0.  RW(1)  may be e i t h e r   f i n i t e  
or  zero  depending  on  the  geometry. For the  flow s t a r t i n g  a t  the  apex  of 
a cone, EW( 1) w i l l  be   zero  but  RW(2) w i l l  be  nonzero. On the  other   hand,  
a f l a t   p l a t e   f l o w  w i l l  have a l l  RW va lues   equal   to   zero ,  as described  below. 
Also, i n  Option 4, VW(1) must be zero s i n c e   t r a n s p i r a t i o n  is not  compatible 
with  the  boundary  layer  assumptions  for U“G* = 0.  

Having i n i t i a l i z e d   t h e   c a l c u l a t i o n ,  i t  remains to   specify  the  informa- 
t i on   r equ i r ed   fo r   t he  downstream ca lcu la t ions .   Th i s  i s  accomplished  with 
a s e t  o f   cards   each   conta in ing   the   parameters   re la ted   to   an   x -s ta t ion .  
The f i r s t  two parameters, X and U must  appear  on  each  card. The remainder 
need  not   be  specif ied  unless   they  apply  in  a p a r t i c u l a r   c a s e .  

The sequence  of X va lues  on successive  cards   def ine  the x, s p a c i n g   a t  
which c a l c u l a t i o n s  w i l l  be performed. As i n   t h e   c a s e  of t he  7 spacing, 
t he re  is no  mechanism f o r   a l t e r i n g   t h e  x s t e p   s i z e  t o  maintain  accuracy. 
The r e a s o n   f o r   t h i s  is t h a t   t h e r e  i s  genera l ly  no need f o r  i t .  The numer- 
i c a l  method i t s e l f  is s u f f i c i e n t l y   f o r g i v i n g   t o   b e   a c c u r a t e  Over a wide 
range   of   s tep   s ize .  The cont ro l l ing   cons idera t ion   then  i s  t o   r e p r e s e n t   t h e  
m a i n s t r e a m   v e l o c i t y   d i s t r i b u t i o n   r e a l i s t i c a l l y .  But s i n c e   t h i s  is known, 
t h e  x steps  can  be  chosen  in   advance.   In   the  case  of   layers   near   equi l ib-  
rium, s t e p s  of the  order   of  many hundreds of displacement  thicknesses are 
poss ib le .  On the  other   hand,  if the  mainstream  veloci ty   changes  rapidly,  
s t e p s  may be small. 

The va lues  of U ,  corresponding  to  each X ,  define  the  mainstream 
v e l o c i t y .  U may be  in  ei ther  dimensional  or  nondimensional  form  since i t  
appears  only  aa a r a t i o   i n   t h e   c a l c u l a t i o n s .  
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The th i rd   quant i ty   tha t   can   be   spec i f ied  is TURB, which ind ica t e s  
whether  the flow is laminar (TLTRB = 0 .O) o r   t u r b u l e n t  (TURB = 1.0). If 
t h e  flow is laminar no empir ica l   conten t  is necessary   s ince   the  laminar 
boundary  layer  equations are complete. However, i f   t h e  flow i s  tu rbu len t  
a semi-empir ical   effect ive  viscosi ty   assumption i s  necessary to c l o s e   t h e  
equat ions.  The form  of th is  assumption i s  g i v e n   i n   S e c t i o n  I and t h e   b a s i s  
for   the  assumption is d i s c u s s e d   i n   g r e a t e r   d e t a i l   i n   R e f e r e n c e  [l]. TURB 
a l so   has   ano the r   func t ion .  By changing TLJRB from 0 .O t o  1.0, e i t h e r  
abrupt ly   o r   g radual ly   over   the   d i s tance  of several x s t a t i o n s ,   t h e   e f f e c t  
o f   t rans i t ion   can   be   s imula ted .  There is no  mechanism wi th in   t he  program 
t o   d e c i d e  when o r  how t h i s   s h o u l d  be  done.  This  information must  be  sup- 
p l i ed  by the  user ,   e i ther   f rom  considerat ion  of   the  boundary  condi t ions 
o r  from previous   ca lcu la t ion   a t tempts  (see, f o r   i n s t a n c e ,  [ll], Chaps. XVI 
and XVII). 

RW is the   r ad ius  of t h e  wal l  i n  a flow over  an  axisymmetric  body. 
The un i t s   o f  RW must  be the  same as those  of X .  For a planar  f low RW may 
be l e f t  blank,  which i s  t r e a t e d  as a n   i n f i n i t e   r a d i u s  of curva ture .  

It is  p o s s i b l e   t o   c a l c u l a t e   f l o w s   w i t h   t r a n s p i r a t i o n   o r   a s p i r a t i o n  
by spec i fy ing  VW = vw(x). VW i s  p o s i t i v e   f o r   t r a n s p i r a t i o n  and negat ive  
f o r   a s p i r a t i o n .  

The last boundary cond i t ion   t ha t   can  be s p e c i f i e d  is  the  wall roughness. 
This is done i n   t h e  form of   an  average  roughness   s ize ,  SW = sw. Again  the 
u n i t s   o f  SW must be t h e  same as those  of X.  

In   p repara t ion   for   fu ture   implementa t ion ,   p rovis ions   have   a l so   been  
made f o r   i n p u t  and s torage   o f   the   longi tudina l   rad ius   o f   curva ture ,  CW = cw. 

F i n a l l y ,   t h e r e  are several constants  which are  not   data   inputs   but  are  
set  permanent ly   wi th in   the   p rogram  to   va lues   which   su i t   the   par t icu lar  
computer t o   be   u sed .  The f irst  two of these  are JD and I D ,  which  specify 
the  maximum number o f   ca l cu la t ion   po in t s   pe rpend icu la r   t o  and p a r a l l e l   t o  
the  wall  r e spec t ive ly .  The v a l u e s   g i v e n   i n   t h e   l i s t i n g  ( J D  = 250, I D  = 6 0 )  
are cons ide rab ly   l a rge r   t han   necessa ry   i n  most p r a c t i c a l   c a l c u l a t i o n s .  It 
i s  p o s s i b l e   t h a t   i n  some cases   they  may need t o   b e  made l a r g e r   o r  smaller 
depending on the   s torage   capac i ty   o f   the   computer   to   be   used .   This  may be 
done  by  changing  the values i n   t h e   d a t a   s t a t e m e n t  and a l s o  by spec i fy ing  
consis tent   values   in   the  dimension  s ta tements   both  of   which are a t  the  
beginning  of  the  main  program. 

The o ther  number which  must  be set  i s  SYG i n  SPROFYL. SYG should  be 
set  e q u a l   t o  lOn-3 where n i s  the  nearest   whole  number o f   s i g n i f i c a n t  
figures  of  accuracy  which  the  computer carries during  computations.   For 
example, i f   t h e  computer  performs  calculations  to  seven  and a h a l f   s i g n i f i -  
c a n t   f i g u r e s ,  n = 7. 
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output 

The  primary  output  from  the  calculations  is  a  list  of  the  cal- 
culated  profiles  and  parameters  that  is  printed  out  with  the  sub- 
routine  $FILE  for  each x station  (see,for  example,Table IC. 
This  output  form  gives  the  principle  input  and  output  parameters  at 
the,  top.  Below  these  are  the  various  profiles  as  functions  of J and 
y/6*.  The  profiles  are'identified  with  symbols  which  are  for the 
most  part  identical  with  variable  names  used  in  the  program  (see 
notation).  The  exceptions  are YY+, U+, and W*SF which  represent  the 
law  of  the  wall  coordinates  yu /v and  u/u  and y/0, respectively. 
The  three  columns  labeled  VH,  $HP,  and  VH6P  are  not  used  but  are 
included  for  the  convenience  of  the  user so that  other  profiles 
may be printed  out. 

The  output  of  the  calculation  begins  with  a  print-ou't  of  the 
input  profiles  and  other  related  profiles  which  have  been  calculated 
from  it  with  $FILE.  The  next  page  begins  with  a  list  of  the  input 
parameters  for  reference.  These  are  identified  and are,  therefore, 
self-explanatory.  Below  this,  in the case  that  the  initial  profile 
is  recalculated,is  a  list of significant  parameters  for  each  iteration 
indicating,  among  other  things,  the  rate of convergence.  If  the 
initial  profile  is  not  to be recalculated,  only  one  line  appears 
which  gives  the  parameters  calculated  from  the  input  data.  Here, 
as  in  the  output  of  $FILE,  the  parameters  are  identified  with the 
same  symbols as were  used  in  the  program.  The  first  five  are  indices 
of  key  polints  on  the  profile  which  are  shown  in  Figure 4 in 
Section IV. A line  which  begins  with JK designates  a  completed  pr,imary 
iteration  with  all of the  pertinent  parametelswhich  were  involved. 
Occasionally  it is necessary  to  perform  secondary  iterations  in 
SPROFYL,  as  described  in  Section 111, in  order  to  obtain  a  valid 
profile  for  each  primary  iteration.  If  such  secondary  iterations 

primary  iteration  line. 
are  performed,  they  are  shown  on  lines  beginning  with JS above  the 

The  next  five  are  parameters  relating  to 
FJE  is F ( J E ) ,  the  integral 

and  FPPW is f"(o) . The  remaining  numbers  are 

the  profile  as 

concerned  with 
asymptotic  outer  solution  and  the  outer  boundary  condition. 

a  whole. 

the 
Finally 

the  recalculated  profile  is  printed  out  with  $FILE  and  this  signifies 
the  end  of  the  initialization. 

The  output of the  calculation  moving  downstream  consists  of  two 
parts.  The  first  is  the  list  of  significant  parameters  for  each 
iteration as in  the  case of the  recalculated  profile. This time, 
however,  an  indication of the  accuracy of the  numerical  integration 
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a long   the   wal l  is pr inted  out .   This  i s  done i n   t h e  form  of two numbers, 
one  on e i t h e r   s i d e  of an  equal  sign  which  correspond t o  t h e   l e f t -  and 
r ight-hand  s ides   of   equat ion  (18)   in   Sect ion 11. Closer  agreement  between 
the  two numbers ind ica t e s  more accura te   in tegra t ion .  

The second  par t   of   the   output   a t   each x s t a t i o n  is the   p r in t   ou t   o f  
t h e   p r o f i l e s  and  parameters  with $FILE. 

F i n a l l y ,   a t   t h e  end of t h e   c a l c u l a t i o n   f o r   t h e   e n t i r e   s e r i e s   o f  
x s t a t i o n s ,  a summary of the  important   integral   parameters   of   the   f low i s  
printed  out  for  convenience.  

I l l u s t r a t i v e  Examples 

Calculations  have  been  performed  for  three  boundary  layers  which 
i l l u s t r a t e  sane of t he   capab i l i t i e s   o f   t he  program. 

The f i r s t  example i s  the   c l a s s i ca l   ca se   o f   t he  Howarth flow,  which 
is descr ibed  in   Reference [111, p.  156.  This  flow i s  en t i re ly   l aminar  
with a f r e e  stream v e l o c i t y   d i s t r i b u t i o n   g i v e n  by t h e   r e l a t i o n  

- -0 N 
U = U - ax, 

which  produces  nonsimilar  velocity  profiles.  

In   t he   ca l cu la t ion  U(X) i s  taken to be X = x and  a/Jo = 
for  convenience. The ca lcu la t ion   begins  by computing  a  Blasius  start ing 
p r o f i l e   a t  X = 0.  The layer  then grows in   an   adverse   p ressure   g rad ien t  
u n t i l  i t  s e p a r a t e s   a t  X = 125. A l i s t i n g  of the  necessary  input  cards 
i s  given  in  Table la .  

hl 

A sample l i s t i n g  of   the   p rof i les   for  X = 100 i s  shown i n  Table IC 
preceded by a p r i n t   o u t  of t h e   i t e r a t i o n s  which  produced i t .  

F ina l ly ,   t he  sumnary  of the  integral   parameters  is given i n  Table  Id 
Perhaps  the  most   interest ing  feature  i s  the   behav io r   o f   t he   sk in   f r i c t ion  
coe f f i c i en t   a s   s epa ra t ion  is approached. Cf i s  p lo t t ed   i n   F igu re  5 and i s  
shown co ext rapola te   to   zero  a t  X = 120 as expected. More ca l cu la t ions  
could  have  been made i n  the  neighborhood  of  separation  (and,therefore,   the 
separation  point  could  have  been  defined more p r e c i s e l y )   i f   c l o s e r  71 
spacing had  been  used.   This   res t r ic t ion was expla ined   in   the   sec t ion  on 
input  s . 
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BOHARTH * S PLOY 

30 
8 

0.0 
2.4 
1.2 

4. 8 
3.6 
24 
1.0 
0.0394 
0.349 
0.00011 
4 0  

0.0 
0.0 
2.0 
10.0 
5.0 

20.0 
15.0 
30.0 
40.0 
50.0 
70.0 
60.0 
80.0 
90.0 
100.0 
110.0 
120.0 - 10000.0 

0.2 
1.4 
2.6 
3.8 
5.0 
0.885 
0,265 
0.01832 
0.00045 
10.0 
0.998 
1.0 
0.995 
0.990 
0.985 
0.980 
0 . 9 1 0  
0.960 
0.950 
0.930 
0.940 
0.920 
0.910 
0.900 
0.890 
0.880 

0.4 0.6 
2.8 
1.6 

3.0 
1.8 

4.0 
5-2 5.4 

4.2 

0 . 7 1 0  
0.193 

0.651 
0.135 

0.00994  0.00575 
0.00012 0.00001 

Table  la.  Howarth's Flow 
Input  Data 

2.2 
1.0 
3.4 
4.6 
5 .8  

0.444 

0.001Y 
0.0648 
0.0 
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I 

cn 

I 

INPUT  VARIABLES ?OR HOYARTH'S PLOY 

X = 1.20E  02 U = 8.8OE-01 TURB ~0.0 B Y  = 0.0 v u  = 0.0 SY = 0.0 cw = 0.0 
VALUES  OF IHPOETANT  VARIABLES FOR EACR I T E R A T I O N  

JS JH JA J E  PJE PPPU DT pn u n  S CAP PPA PPPA FHPA  PHPPA 

1   7 6   1 1 2   1 7 2  
1 1 2   1 1 2   1 6 5   1 . 0 2 E  00 -9.558-02  1.428  01  -1.51E-02  1.35R-01  2.88E-01  1.12E-06  -1.85E  01  -1.38E  02  1.66E  07  1.248 08 

-2.03E-0  1  1.08E-01  -9.31E  02 -8.54E 0 3   8 . 6 6 3   0 3   7 . 9 3 8   0 4  

1 8 6   1 1 2   1 6 5  
1 1 2   1 1 2   1 6 2   1 . 0 2 E  00 -7.373-02  1.45E 01 -1.53E-02  1.68E-01  2.752-01  -4.OSB-07  2.29E O D  1.55E 01 5.6GE Oh 3.R3E  07 

-9.55E-02  2.18E-02  -9.26E 02 -7 .688   03   4 .24E  04   3 .521  05 

1 9 5  
1 1 2  

1 1 0 3  
1 1 2  

1 1 1 1  
1 1 2  

1 2  1 6 2  
1 2  1 5 9  

1 2  159  
1 2  158 

1 2  1 5 8  
1 2  1 5 7  

1.01E 00 -6.738-02 
-7.37E-02 

1.00E 00 -6.55E-02 
-6.738-02 

1 .008  00 -6.498-02 
-6.551-02 

1.49E 0 1  -1.55B-02  2.02E-01  2.633-01  -U.91E-06  1.25E  01  7.673  01  2.55E  06  1.56E  07 
6.42E-03  -9.73E  02  -6.99E 03 1.52E 05 1.09E 0 6  

1.50E  01  -1.561-02  2.1UE-01  2.59E-01  1.52E-06  -3.05E 00 -1.80E  01  2.01E  06  1.19E 07 
1.831-03  -9.16E 02 -5 .918 0 3  5.00E 05 3.238 0 6  

1.5OE 01  -1.56E-02  2.17E-01  2.58E-01  -2.571-06  4.92E 00 2.88E  01  1 .91E  06  1 . lLE 07 
6.00E-04 -9.8YE 02  -5 .85E  03  1 .65E  06  9 .76E  06 

1 0 8   1 1 2  158 1.00E 00 -6.46E-02 1.50R 01  -1 .568-02  2 .17E-01  2 .57B-01 2.25E-OU -2.33E  02  -1 .42E  03  1 .04E Oh 6.32E  06 

INTEGRAL OF H O l E R T U H  EQUATION CUHULATIVE HOHENTUH I N T E G R A L  

1 .0053 = 1.0057 0 . 9 9 0 4 7  

Table lb. Hmarth's Flaw 
Significant  Parameters f o r  Each Iteration  at X = 120 



J 
9 
1 

1 7  
2 5  
33 
4 1  
4 9  
5 7  
65 
7 3  
8 1  
8 9  
9 7  

1 1 3  
105  

1 2 1  
12Y 
1 3 7  
1 4 5  
1 5 3  

B O U N D A R Y  LAYER PROFILES FOR 

HOYARTH'S  PLOY 

X = 120.000 U = 0.880 RDT = b. b3E  01 

TURB =O.O R H  = 
DT = 1.50E  01 

0.0 
4 OOE-01 1.12E-01  8.28E-01  3.58E 0 0  
2.002-01 3.48E-02  4.14E-01 1 . 1 1 E  00 

6'00E-01 2.25E-01 1.24E 00 7.22E O( 
A'OOE-01 3.66E-01 1.66E 00 1.17E 0: 
1'OOF 00 5.19E-01 2.07E 00 1.66E 0 
l ' 2 O i  00 6.b5E-01 2.48E 00 2.13E 0 '  
1 ' 4 0 1  0 0  7.90E-01 2.90E 00 2.53E 0 '  
1:60E 0 0  8.83E-01 3.31E 00 2.83E 0 '  
1.8OB 00 9.42E-01 3.73E 00 3.02E 0 
2 OOE 00 9.75E-01 4.14E 00 3.1ZE 0 

2 '40E 00 Y.97E-01 4 .971  00 3.19.E 0 
2 - 2 0 E  00 9.91E-01 4.55E 00 3.17E 0 

2.80: 0 0  1.00E 00 5.80E 00 3.20E 0 
2:6Op 00 9.99E-01 5 . 3 8 E  0 0  3.20E 0 

3 ' 2 0 2  00 1.OOE 00 6 .621  00 3.20E 0 
3 O O E  00 1.00E 00 b.21E 00 3.20E 0 

3'40E 00 1.00E 00 7.04E 00 3.208 0 
3:60E 00 1.00E 00 7.45E 0 0  3.20E 0 
3.80E 00 1.00E 00 7.87E 00 3.20E 0 

Y Y  
0.J "'O 0.0 

Y Y +  u t  
0.0 

I 
1 
I 
1 
1 
I 
1 
1 
1 
1 
1 
1 
1 
1 
1 

1 
1 

0.0 v i  = 0.0 S Y  = 0.0  CY = 0.0 
HT = 4.13E 00 CP = 1.95E-03 SF = 3.64E 00 

1.51E-02 
VE 

1.51E-02 
1.51E-02 
1 . s12-02  
1.51E-02 
1.51E-02 
1.51E-02 
1.51E-02 
1.51E-02 
1.51R-02 

1.51E-02 
1.51E-02 

1.51E-02 

1 .5 lE-02  
1.51E-02 

1.51E-02 
1.51E-02 
1.51  E-02 

1.51E-02 
1.51E-02 

9.76E-04 1 

4.26B-03 
7.29E-03 
9.763-03 

1.15E-02 
1.13E-02 

1.04E-02 
8.2bE-03 
5.6YE-03 
3.381-03 
1.72E-03 
7.43E-04 
2.80E-04 
8. 85E-05 
2. U9E-05 
6.34E-06 
1.36E-06 
2.49E-07 

5.12E-09 

TAU 

3 . 8 7 ~ - o a  

0. 
1. 
3. 
5. 
8. 
6 .  

8 .  
9 .  
9 .  
9. 
9 
9 
1 

1 
1 

1 
1 
1 
1 
1 

0 
Y7E-0 1 
83E-01 

.50E-0  1 

. 9  1E-0  1 

.03E-01 . RUE-0 1 

.38E-0  1 

.7 OE-0 1 

.87E-01 

.95E-0  1 

.99E-01 

.00€  0 0  

. O O E  0 0  

. O O E  0 0  

.OOE 0 0  
.OOE 00 

-00s 00 
.OOE 0 0  
. O O E  0 0  

F 
1.00E 00 
9.65E-01 
d.88E-01 
7.758-01 

4 . 8  1E-0  1 
6.34E-01 

3. 35E-01 
2.10E-01 

5.8OE-02 
1.17E-01 

2.511-02 
9. USE-03 
3.16E-03 
9.00E-04 
2.36E-04 
5.4OE-05 
1.06 E-05 

2.5UE-07 
1.778-06 

3.12E-08 

P P  
-6.46B-02 

P P P  

-2.8LE-01 
-4.R3E-01 
-6.4hE-01 
-7.478-01 
-7. b4E-01 
-6.9OE-01 - 5. U7E-0 1 
-3.77E-01 

-1.14E-01 
-U.YZE-02 - 1.86E-02 
-5.868-03 - 1.65E-03 

-9.O3B-OS 
-4.20E-04 

- 1.6513-05 
-2.578-06 

1 -3.393-07 

- 2 . 2 4 ~ - 0 1  

0.0 
2.7 1E-03 

4.31E-02 
1.56E-02 

8.4LE-02 
1.33E-01 

2.20E-01 
1.81E-01 

2.47E-01 
2.63E-01 
2.70E-0  1 
2.73E-01 
2.75ti-01 
2.75E-01 
2.75B-01 
2.75E-01 
2.75;-01 

2.758-J1 
2.75E-0  1 

2.75E-01 

0.0 
2.OOE-0 1 
4.13E-0 1 
6.978-3  1 

3.35E 05 
1.29E 00 

h.50E 0 1  
1.30E 01  
3.53E 02 
1.8SE 0 3  
9.51E  03 
4.34E 04 

b.54E 0 5  
1.78E 05 

2.71E: Jh 
4.55F 0 6  
2.19E '35 
9 . 5 9 1   3 2  
7.45E 28 
4.72E-7'3 

1.00E 0 0  9.0 
1.OlE 00 7.27E-01 
1.16E 00 1 . a5F  0 0  
4.84E 00 1 .71E 30 
1.84E 0 9  L.1HE 0 0  

1.96E 01  3.hUE 00 
Y.87E 0 1  4.36E O G  
5 . 4 3 E  0 2  5 . 0 3 . ?  00 
3.00F: 03 5.52E 00 

7.46E 0 4  J.27E J0 
1 . 5 7 ' ~  04 .6.>4r 3 8  

3.1BE 5 5  tl.0OE i )C  

4 .10E   06  9.115E JC 
1.20E O b  d.73E 00 

YY'SF 

1 . 7 d ~  07 1 . n ~ ~  1 1  
2.8YE 07 1 . O Y t  0 1  

2.42E 03 1.24E  01 
1 .36E O b  1 .  1 n Z  

3.37E-81) l . . ? : i i  0 1  
3 . 5 i E   1 8  1.31F. ,I1 

Table IC. Howarth's Flow 
Output o f  Prof i les  by $FILE f o r  X = 120 



P R I N C I P A L  BOUNDARY L A Y E H  PARAHETERS FOR 
HOYARTH' S PLOY 

X 

0.0 

2.0000 

5. d o 0 0  

10.0~)OO 

15.i)uoo 

20.0000 

3C.lJ000 

40.0000 

5C.0000 
60.0000 

70.0000 

ai). a000 

90.0000 

100.0003 

110.0000 

120.0000 

DT 

0.0 

1.0858 

1.7540 

2.51  14 

3.11H6 

3.6478 

4.5961 

5.4767 

6.3317 

7.1868 

8.0705 

9.0097 

10.0320 

11.1958 

12.6944 

15.0285 

PIT 
0.0 

0.4 192 

0.6765 

O.9b33 

1.1869 

1.3d08 

1 . 7 ~ 0 0  

2.0211 

2.3013 

2.5691 

2.8297 

3.0869 

3.3434 

3.6015 

3.8638 

4.1332 

SF 

2.5900 

2.5900 

2.5925 

2.607  1 

2.6274 

2.6417 

2.6721 

2.7097 

2.7514 

2.7975 

2.8521 

2.9187 

1.0005 

3.1086 

3.2855 

3.6360 

CP 

0.0 

0.210961 

0.12d684 

0.088482 

0.071080 

0.060137 

0.046497 

0.037859 

0.031543 

0.026474 

0.022162 

0.018291 

0.014658 

0.011053 

0.007175 

0.001952 

RDT 

0. 

5. 

9. 

12. 

15. 

18. 

22. 

26. 

30. 

34. 

38. 

42. 

U6. 

50. 

57. 

66. 

U 

1.0000 

0.9980 

0.9950 

0.9900 

0.9850 

0.9800 

0.9700 

0.9600 

0.9500 

0.9400 

0.9300 

0.9200 

0.9100 

0.9000 

0.8900 

0.8800 

TURB RY 
0.0 0.0 

0.0 0.0 

0.0  0.0 

0.0 0.0 
0.0 0.0 

0.0 0.0 

0.0 0.0 

0.0 0.0 
0.0  0.0 
0.0 0.0 

0.0 0.0 

0.0 0.0 

0.0 0.0 

0.0 0.0 

0.0 0.0 
0.0  0.0 

v u  
0.0 

0.0 

0.0 

0.0 
0.0 
0.0 

0.0 

0.0 
0.0 
0.0 

0.0 

0.0 

0.0 

0.0 
0.0 
0.0 

SY 

0.0 
0.0 

0.0 

0.0 

0.0 

0.0 
0.0 

0.0 
0.0 
0.0 

0.0 
0.0 

0.0 

0.0 
0.0 

0.0 

cu 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.0 
0.0 

0.0 

0.0 
0.0 
0.0 

0.0 

Table I d ,  Howarth's Flow 
Summary of Important  Input  and  Output 
Parameters for  Entire Calculation 

I 
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0.18 

0.16 

0.14 

0.12 

r w  
f p U '  

0. IC 

0.ot 

0.ot 

0.0' 
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Figure 5 .  Cf v s .  X for the Example  Numerical  Calculation 
of Howarth's Flow. 
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The next  example is t h a t  of an   en t i r e ly   t u rbu len t   f l ow.  It i s  a 
p r e d i c t i o n  of some turbulent   boundary  layer   data   (case 6 )  measured by 
Moses [16]  on a n  axisymnetric body,  which was used a t   t h e   S t a n f o r d  
Symposium on t h e  "Computation  of  Turbulent  Boundary  Layers."  This 
case provides  an  example  of  the  accuracy  of  the method f o r   t u r b u l e n t  
flow. 

Here the   ca l cu la t ion   beg ins   w i th   t he   expe r imen ta l   p ro f i l e   fo r   t he  
f i rs t  s t a t i o n  X = 0.0 ( f t  .) as a n   i n i t i a l   c o n d i t i o n .  The f i r s t   p o r t i o n  
of t h e  flow i s  in   an   adve r se   p re s su re   g rad ien t .  Then the   p re s su re   g rad ien t  
is removed  and the   l aye r   r e l axes   i n   cond i t ions  of near ly   zero   p ressure  
grad ien t .   This  case p r o v i d e s   a n   i n t e r e s t i n g   v a r i e t y  o f  cond i t ions .  

The i n p u t   l i s t i n g  is g iven   in   Table   2a .   Las t ly ,   the  summary of 
in tegra l   parameters  i s  given  in   Table   2c.  Comparison wi th  Moses I data is  
afforded by Figure 6 where Cf and H are p l o t t e d   a g a i n s t   t h e   d a t a   p o i n t s .  
The p red ic t ions  are shown to be  good. 

The f i n a l  example i s  of a more involved  nature .  It has  been  constructed 
spec ia l ly   t o   demons t r a t e   va r ious   a spec t s   o f   t he   capab i l i t y  of the  program. 
Therefore ,   there  are no d a t a   o r   a n a l y t i c a l   r e s u l t s   a g a i n s t  which t o   v e r i f y  
t h e   r e s u l t s  

The flow  pattern  might  be  envisioned as the  f low  over   the  suct ion 
s i d e  of a turb ine   b lade .  The boundary  layer  begins  with a laminar,  
s i m i l a r i t y   s t a g n a t i o n   p o i n t   s o l u t i o n  a t  the  leading  edge.  It flows i n  a 
s t rong   favorable   p ressure   g rad ien t   to  X = 1.75 a t  which  point  the  pressure 
gradient  suddenly  changes  to a s t rong  adverse  one.   Taking  into  account  
t h e  Reynolds  number, the  adverse  pressure  gradient   and  the  high  turbulence 
level usua l ly   a s soc ia t ed   w i th  flows i n  turbomachinery,   transit ion is  
assumed to   t ake   p l ace   a lmos t   i n s t an t ly  a t  X = 1.75.  Following  this  the 
tu rbu len t  boundary  layer  develops i n  a s t rong   adverse   p ressure   g rad ien t  
u n t i l   t h e  end of   the   b lade  is reached a t  X = 3 . 3 0 .  Between X = 1 . 9  'and 
X = 3.0 ,   un i form  t ranspi ra t ion ,  Vw = 0.443,  takes  place. 

The inputs   required  appear   in   Table  3a. An i n t e r m e d i a t e   p r o f i l e  i s  
g iven   for  X = 3.0 i n  Table 3c and the  sumnary of   in tegra l   parameters  is 
shown in   Tab le   3d .  

I d e n t i f i c a t i o n  of Malfunctions 

The calciilations  of  the  examples  above a l l  proceeded  smoothly. 
However, t h i s  may not  always  be  the case. To a i d  i n  the   d i agnos i s  of  
problems t h a t  may be encountered, some of   the  more common d i f f i c u l t i e s  
are d iscussed   here .  
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3 
42 " 
0. 
0.10000 
0.70000 
4,00000 
7.00000 
10.00000 
32 
0.78156 
1.00000 
0.33906 
0.22682 
0.0550 1 

I. 60000 

-oi0002g 
0:00163 
0. 
0.16200 
0.64600 
0.32300 
0. 86500 
1.05800 
1.30300 
1.51600 
1.73400 
2. 19800 
1.97900 
2.43800 
2.68300 

-10000.0 

IDENT. I 4100 HOSES  CASE 6 

0.00200 0.00500 0.01000 0.02000 0.05000 
0.20000 0.30000 0.40000 0.50000 0.60000 
0.80000 0.90000 1.00000 1.20000 1.40000 
1.00000 2.00000 2.50000 3.00000 3.50000 
4.50000 5.00000 5.50000 6.00000 6,50000 
7.50000 8.00000 0.50000 9.00000 9.50000 
11.00000  12.00000  13.00000  14.00000  15.00000 

0.60497 0.48038 0.41872 0.37795 0.35845 
0.32210 0.30705 0.29631 0.27175 0.24812 
0.20829 0.18961 0.14675 0.13007 0.0801o 
0.03453 0,02119 0,01121 0.00U81 0.00091 

0.99565  0.9891 1 0.97823  0.95646  0.89087 

0. 
884.00000 
88.00000 
83.95000 
70.56000 
68.62000 
65.02000 
64.31000 
64.13000 
64.13000 
64.00000 
64-  13000 
63.88000 
64,19000 
63.76000 

-0.00037 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1.00000 
1 . 00000 

0.23958 
0.23958 
0.23958 
0.23958 
0.23958 
0.23958 
0.23958 
0.23958 
0.23958 
0.23958 
0.23958 
0.23958 
0.23950 

0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

Table 2a. Moses, Case 6 
Input Data 

0. 
0. 
0. 

0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
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I N P U T   V A R I A B L E S  FOR IDENT. # 4100 HOSES CASE 6 

X = 8.65E-01 U = 6.50E 01 T U R B  =1.000 A U  = 2.40E-01 VU = 0.0 su = 0.0 cu = 0.0 

V A L U E S  O F  I H P O H T A N T   V A R I A B L E S  FOR EACH I T E R A T I O N  

JK J S  JH JA J E  P J E   P P P Y  DT en Qn S C A P  P P A   P P P A  S H P A  FIJPPA 

41 85 H5  108 9.331-01  -5.26E 00 9.34E-03  -1.78E-03  8.45E-03  1.28E 0 0  -1.3HE 0 0  1.YlE 02 2.03F; 02 1.39E 02 1.47E 02 

41 85 R5  110 1.00E 00 -4.81E 00 8.71E-03  -1.73B-03 5-621-03 1.37E 00 4.5513-01  -1.16E 02 -1.41E 0 2  2.55E 02 3.09E 02 

41 85 85 110 l.OOE 00 -4.7YE 00 8.74E-03  -1.74E-03  5.76E-03  1.37E 00 1.77E-02  -4.28E 00 -5.17E 00 L.42E 02 2.92E 02 

I N T E G R A L  OF HOHENTUH  EQUATION CUNULATIVE  f lOHENTUt4   INTEGRAL 

1.0393 = 1.0599 1.07634 

Table 2 b .  Moses, Case 6 
Significant Parameters f o r  Each I t e r a t i o n   a t  X = 0,865 



B O U N D A R Y  L A Y E R  PUOPILES FOR 

IDENT.  I 4100 MOSES CASE 6 

J 
4 
1 

7 
13  

1 5  
1 3  

1 9  
2 2  
2 s  
2 8  
31 
3 4  
J7 
4 0  
4 3  
46 
4 9  
52 
58 
55 
6 1  
b 4  
6 7  

'7 3 
7 0  

7 6  
7 9  
9 2  
tis 
d 8  
9 1  
Y U  
97 

1 0 0  
1 0 3  
106 
1 0 9  

" ~ 

DT = 8.923-03  ?lT = 5 
u t  

0.0 
2.60E-01 
(-1.5113-01 
1.30E 00 
2.622 0 0  
6.43E 0 0  
1.04E  01 
1.29E  01 

1 .485   01  
1.40E 0 1  

1.54E  01 
1.592  01 
1.b4E 01 
l .68E  01 
1.718  01 
1.75B  01 
1.83E  01 
1.YlE  01 

2 .062   01  
1.Y8E 0 1  

2.14E  01 
2.31E  01 
2.45E  01 
2 55E 0 1  
2:62E 0 1  
2.66E  01 
2 .698   01  
2.70E  01 
2.71E 0 1  
2.71E 0 1  
2.71E  01 
2.71E  01 
2.71E  01 
2.71E  01 
2.71E  01 
2.71E  01 
2.71E  01 

2.tl4E-04 
VE 

2.842-04 
2.84E-04 
2. 84E-OU 
2.85E-04 
3.29E-04 
8..33E-04 
2.998-03 
5.05E-03 
7.05E-03 
9.07E-03 
l .11E-02  
1.32E-02 
1.53E-02 
1.6OFI-02 
1.60E-02 
1 .605-02  
1.6OE-02 

1.60E-02 
1.60E-02 

1.60E-02 
1.6OE-02 
1.60E-02 
1.60E-02 
1.6UE-02 
1.60E-02 

1.601-02 
1.60E-02 

1.60E-02 
1.60E-02 
1.60E-02 
1.  b0E-02 

1.60E-02 
1.60E-02 

~ 1.60E-02 

I 1.60E-02 
1.60E-02 

.8  1  E-03 

1.36E-03 
1.36E-03 
1.36E-03 
1.37E-03 

1.42  E-03 
1.  38E-03 

1.483-03 
1.59E-03 

1.78E-03 
1.68E-03 

1.89B-03 
1.98E-03 
2.078-03 
2. 15E-03 
2.238-03 
2.29E-03 

2.41E-03 
2.371-03 

2.37E-03 
2.41E-03 

2.283-03 
1  97E-03 
13558-03 

7.33E-04 
1.10E-03 

4.42E-04 
2.471-04 

6.32E-05 
1.28E-04 

2.02E-05 
5.96E-06 

4.1UE-07 
1.63  E-06 

9.86E-08 

4.66E-09 
2.21E-08 

4.29E-10 

Tb U 

CP = 2.72E-03 SF = 1.53E 

0 0  1.00E 00 

4 9UE-03 9  76E-01 
1199E-03  Y.90E-01 

9:76E-03 9:52E-01 
1.90E-02 9.03E-01 
4.4OE-02 7.63E-01 
7.80E-02 6.16E-01 
1. N E - 0 1  5.24E-01 
1.84E-01 4.83E-01 
2.31E-01 4.54E-01 
2.761-01 4.32E-01 
3.18E-01 4.13E-01 
3.59E-01 3.96E-01 

4 35E-01 3.68E-01 
3.983-01 3.82R-01 

4:72E-01 3.55E-01 
5.41E-01 3.2bE-01 
6.03E-01 2.98E-01 

7.12E-01 2.4UE-01 
6.6  1E-01 2.69E-01 

7.58E-01 2.13E-01 
8.49E-01 1.50E-01 
9.12E-01 9.82E-02 
9  52E-01 6.05E-02 
9'76E-01 3.46E-02 
91898-01 1.83E-02 
9.968-01 8.97E-03 
Y.99E-01 3.971-03 
1 OOE 00 1.46E-03 
1:OOE 00 4.33E-04 
1.00E 00 1.19E-04 
1 OOE 00 3.08E-05 

1.00B 00 1.68E-06 
1:OOE 00 7.42E-06 

1.00E 00 3.60E-07 
1.00E 00 7.27E-08 
1.00E 00 1.408-08 

P PP 
-4.79E 00 

PPP 

-4.BOE 00 
-U.dlE 00 
-4.83E 00 

-4.31E 00 
-4.85E 00 

-1.78E 00 
-5.29!3-0 1 
-3.29E-01 
-2.49E-01 
-2.04E-01 
-1.74E-01 
-1.53E-01 
-1.36E-01 
-1.35E-01 
-1.38E-01 
-1.42E-01 - 1. QUE-0 1 
-1.43E-01 - 1.39E-01 
-1.33E-01 
-1.13E-01 
-8.76E-02 
-6.lUE-02 
-4.O2E-02 
-2.39E-02 
-1.32B-02 
- 6 . 7 6 ~ 0 3  
-3.28E-03 - 1.04E-03 
-3.O2G-04 
-8 14E-05 
-2: 05E-05 
-4.823-06 

-2.22B-07 
- 1.06E-06 

-4.38E-08 

00 

0 0  
9'  52E-06 
5390E-05 
2.32E-04 
9.01E-04 
5.03E-03 

4.04E-02 
1.58E-02 

6.54E-02 
9.031-02 
1.15E-01 
1.UOE-01 
1.64E-01 
1.881-01 
2.1  le-01 
L.34E-01 
2.80E-01 
3.23E-01 

U.02E-01 
3.64E-01 

4.38E-01 
5 13E-01 
5367B-01 
6.OUE-01 
6.27E-0  1 

6.U7E-01 
b.UOE-01 

6.508-01 
6.51E-01 
6.523-01 
6.52E-0  1 
6.52E-01 
6  52E-01 
6:52E-01 
6.523-01 
6.52B-01 
6.52E-01 

0.0 
2.00E-03 
5.00E-03 
1.00E-02 
2.00E-02 

7  87E-02 
4. 85E-02 

1.18E-01 
1: 02E-0  1 

1.34E-01 
1.51E-01 
1.69E-01 

2: 09E-01 
1 ERE-01 

2.31E-01 
2.58E-0 1 
3.28E-01 
U 23E-01 
5: 51E-0 1 
7.23E-01 
9  SZE-01 

3.92E 00 
1:92E 0 0  

8-03!?. 00 
3 31E  01 
1.64E  01 

6 '56E  01 
1:27E 0 2  
2.42E 0 2  
U 1 9 8   0 1  
1 '17E  01  
1:18E 08 

-2.23B-67 
2.52E 08 
5 461-71 

- 1.67B-52 
1: 11B-80 

1.ObE 00 
1 . 0 0 1  00 
9.99E-01 
1.OOE 00 
9.95E-01 
8.7OE-01 
3.85E-01 
1.72E-01 
1.58E-01 
1.64E-0  1 

1.85E-01 
1.74E-01 

2. l l E - 0 1  
1.97E-01 

2. U5E-01 
2.92E-01 
4.04E-01 

7:31E-01 
5 46E-01 

9.75E-0  1 
1 30E 00 
2:67E 00 
5.51E 00 
1.13E  01 
2.26E  01 
4.46E  01 
8 .56E  01  
1.60E 0 2  
2.92E 0 2  
3.10E 0 1  

-2.77E-56 
1.37E 0 1  

2.488  28 
4.563-71 

- 1: 4UE-55 
1 l l E - 8 0  

2 .47E  18  

0.0 
Y Y * S P  

7.67E-03 
3.07E-03 

1.53E-02 

7.66E-02 
3.07E-02 

3.06E-01 
1.53E-01 

6  10E-01 
4.583-01 

7:61E-01 
9.12E-01 

1'21E 00 
1  06E 00 
1:36E 00 
1.51E 00 
1.81E 00 
2 1 1 E  00 
2:40E 00 
2.692: 00 
2.98B 0 0  
4.42E 00 
3.70E 00 

5.12E 00 
5 .823  00 
6 51E 00 
7119E 00 
7.868 00 

9.19E 00 
8.53E 00 
9.84E 00 
1.05E 0 1  
1 11E  0 1  
1 : l E E  0 1  
I.2UE 0 1  
1.30E 0 1  
1.36E  01 

Table 2 c .  Moses,  Case 6 
Output of Profiles by $FILE for x = 0.865. 



PRINCIPAL B O U N D A R Y  L A Y E R  PARAHETERS FOR 
IDENT. # 4100 HOSES CASE 6 

X 

0.0 
0.1620 

0.3230 

0.6460 

0.8650 

1.0580 

1.3030 

1.5160 

1.7 340 

1.9790 

2.1980 

2.4380 

2.6830 

Dl! 
0.0016 

0.0025 

0.0037 

0.007 1 
0.0089 

0.0094 

0.0098 

0.0 
0.0 

0.0 

0.0 
0.0 

0.0 

01 

05 

09 

15 
17 

25 

HT 
0.0011 

0.0016 

0.0024 
0.0045 

0.0058 

0.0063 

0.0067 

0.0071 
0.0075 

0.0076 
0.0083 

0.0085 

0.0092 

SF 
1.5155 

1.5136 

1.5477 

1.5682 

1.5341 

1.4942 

1.4479 

1.4228 

1.4052 

1.3911 

1.3815 

1.3728 

1.3663 

CP 

0. 00492 1 
0.004056 

0.00341 1 

0.0027  18 

0.002716 

0.002878 

0.003116 

0.003199 

0.003259 

0.003269 

0.003296 

0.003277 

0.003294 

R DT 

884. 

1297. 

1820. 

3022. 

3596. 

3762. 

3882. 

4005. 
4172. 

4329. 

4539. 

4670. 

4945. 

0 

88.0000 

83.9500 

76.5600 

68. h200 

65.0200 

64.3100 

64.1300 

64.1300 

64.0000 

64.1300 

63. U800 
hll. 1 Y 00 

63.7600 

TURB 
1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 
1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

R Y  
0.2396 

0.2396 

0.2396 

0.2396 

0.2396 
0.2396 

0.2396 

0.2396 
0.2396 

0.2396 

0.2396 

0.2396 

0.2396 

VU 

0.0 
0.0 

0.u 

0.0 

0.0 
0.0 

0.0 
0.0 

0.0 

0.0 
0.0 

0.0 

0. 0 

su  CCI 

0.0 3.0 
0.0 0.0 

0.0 0.0 

0.0 3.0 

0.0 0. 0 
0.0 9.0 

0. c 3.0 

0. c 0. 0 

0.0 0.0 

0.0 il. 9 

0.0 0.0 

0.3 0. u 

0. 0 J. 0 

Table 2d Moses, Case 6 
Summary o f  Important  Input and Output 

Parameters  for  Entire  Calculation 



Q o  0 0 

a002 - 
- 

O ; 7  
1 1 

I .o X(f t )  
2.0 

2.0 - 

H 

1.5 - 
c 

u w w 0 0 

I .o L 1 

0 1.0 X(f t )  2.0 

Figure 6 .  me example  numerical  prediction of Cf and H, 
shown with  an  unbroken  line, compared with 
the values  measured by Moses [16] for Case  6, 
which are indicated as open  circles. 
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I 

3 
49 
0.0 
0.1 
0.7 
4.0 
1.6 
7.0 
10.0 
18.0 
30.0 
30 
1.0 
0.925 
0.549 
0.2 07 
0.004 
4 

0.0 
0.0 

0.100 
0.110 
0.125 
0.175 
0.150 

0.225 
0.200 

0.300 
0.250 
0.350 
0.400 
0.450 
0.500 
0.600 
0.700 
0.900 
0.800 

1.100 
1.000 

1.300 
1.200 

1.500 
1.400 
1.600 
1.750 
1.700 
1.800 
1.850 
2.000 
1.900 
2.100 
2.200 
2.300 
2.500 
2.400 
2.600 

2.800 
2.700 
2.900 
3.000 

95 
0 

0.002 
0.2 
0.8 
1.8 
4.5 
7.5 
11.0 
20.0 

0.853 
0.998 
0.498 
0.161 
0.00207 

8000.0 
0.0 

60.4 
56.8 
65.2 
74.0 
78.4 
88.8 
95.2 
101.2 
122.0 
111.2 
131.2 
146.0 
138.8 
1 58. 4 
168.4 
178.0 
186.0 
199.2 
217.6 
270.0 
242.0 
294.0 
3.31.2 
314.0 
336.8 
335.6 
328.0 
310.8 
276.8 
293.6 
264.8 
246.0 
254.8 
238.8 
234.0 
231.6 
227.6 
223.6 
224.8 
221.6 

3.100 218.8 
3.200 2 16.4 
3.300 214.0 - 10000.0 

THE SUCTION SIDE OF THE BLADE 

0.005 
0.9 
0, 3 
2.0 
8.0 
5.0 
12.0 
22.0 

0.996 
0.451 
0.785 
0.123 
0.0002 1 

0.0 
1.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.0 

1.0 
1.0 

1.0 
1.0 

1.0 
1.0 
1.0 

1.0 
1.0 

1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 

0.01 
0.4 
2.5 
1.0 

8.5 
5.5 

24.0 
13.0 

0.992 
0.407 
0.72 1 

0.0597 
0.00076 

0.02 
0.5 
3.0 
1.2 
6.0 
9.0 

14.0 
26.0 

0.985 
0.660 
0.329 
0.0267 
0.00024 

0.443 
0.443 
0.443 
0.443 
0.443 
0.443 
0.443 
0.443 
0.443 
0.443 
0.44 3 
0.443 

0.05 
0.6 
3.5 
1.4 

9.5 
6.5 
16.0 
28.0 

0.962 
0.603 
0.263 
0.0 
0.01 13 

Table 3a. Suct ion  Side of Turbine  Blade 
Input Data 
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INPUT VARIABLES FOR T H E  SUCTION SIDZ O F  THE B L A D L  

X 3.002 00 U = 2.22E 0 2  T U R B  =1.000 R Y  = 0.0 V U  = 4.431-01 SU = 0.0 cu = 0.0 

VALUES OF IRPORTANT  VARIABLLS FOR EACH ITERATION 

J K  JS JN JA JE  PJE  PPPU UT Ptl Qfl S CA F FPA PPPA Fiii'A FHPPA 

I 1 70 8 1  102 
m 39 

-3.41E 00 
81 81  104  1.02E 00 -3.32E 00 1.41E-02  -1.L5E-03  4.46E-03  1.91E 0 0  -1.162-06 tl.79E 00 3.2OE 01   7 .57B Ob 2.76E  07 

8.68B-02  -7.23E 0.2 -L.721! 0 3  0 . 3 9 E  0 3  3.14E 04  

bl 

I 39 B1 81 103  1.00.E 00 -3.40E 00 1.4UE-0.2 -1.L7E-03  7.70E-03  1.838  03  1.74E-Ob  -5.94E 00  -1.97E  31  3.42E  06  1.13E  07 
-3.32E 00 -7.971-02 U.87E 02  3.131 0 3  1.11E  04  3.93E 0 4  1 7 1  81  104 

1 7 3  d l  103 
39 81  t l l   103  1.00E 00 -3.42E 00 1.44B-02  -1.L7E-03  7.70E-03 l . t l 3 E  00 -7.731-07 2.696 00 8.9OE 0 0  3.481 06 1.15E 0 7  

-1.61E-02  5.87E  02 2.06E 0 3  3.65E 0 0  1 . 2 B E  05 -3 .402  0 0  

I N T E G R A L  O F  P I O H E N T U N  E Q U A T I O N  C U N U L A T I V E  t l O H E N T U t l  I N T E G R A L  

1.5356 = 1.0330 0.916137 

Table 3b. Suction  Side of Turbine  Blade 
Significant  Parameters fo r  Each  Iteration at X = 3.0 



I J O U N D A R Y  LAYER PROFILES PUR 

THE SUCTION SIDE OF THE BLADE 

I 

m 
m 
t 

J 
1 
4 
7 

1 0  
1 3  
1 6  
1 9  
22 
2 5  
2 8  
31 
34 

4 0  
37  

4 3  
4h 
4 9  
52  
55 
6 1  
5H 

64 
6 7  
7 0  
7 3  

7 9  
7 6  

85 
88 
9 1  
9U 
9 7  

1 0 0  
1 0 3  

a 2  

v v  
0.0 

5.00.‘-03 
2.OOE-03 

2. 00s -02  
1. UOB-02 

5.00:-02 

2.OOb-0 1 
1.002-01 

3.00:-0 1 
4.00E-01 
5.00E-01 

7.00E-01 
6. 00E-01 

8. 00z-0 1 
9.002-01 
1.00d 00 
1 .202  0 0  
1 .405  0 0  
1.bOE 00  

L.0Or:  0 0  
1.80i; 00 

2.50E 0 0  
3.00); 0 0  

4 . 0 0 s  00 
3.501: O J  
4 .5ue  0 0  
5.00E 00 
5.5UE 0 0  
b.03i; 0 0  
b.5OE 00 
7.03Z 00  
7 .505  00 
8.00Z 0 0  
8.50E 00 
’).JOE 0 0  

” 

X = 3.000 U = 221.600 R D T  = 4.50L 0 3  

TUHB =1.000 R U  = 0.0 V H  = 4.43E-01 SW = 0.0 c i i  = 9.0 

DT = 1.441-02 flT = 8.7713-03 CP = 1.52E-03  SF = l .h4E 0 0  

0.0 
u/u 

6.916-03 
1.768-02 
3 .b lE-02  
7.   b3E-02 
2.11E-01 

4.23E-01 
3.41E-01 

U .  672-0  1 
4 .98s-01  
5.24E-01 

5.64E-0 1 
5.45E-0 1 
5.HOE-01 
5.57E-0 1 
h .  14E-01 
h.49E-01 
6.35B-01 
7 .2 lE-01  
7 . 5 6 s - 0 1  
7.YOE-01 
d. b5E-01 
9.22E-0 1 
Y.60E-01 

9.Y3k-01 
Y.rj2E-01 

Y. 97E-0 1 
9.99E-01 
1.00E 00 

1.00E 0 0  
1.OOE 0 0  

1.00E 00  
1 . 0 0 E  0 0  

1.00E 0 3  
1.00E 0 0  

0.0 
Y Y +  

6.19E-01 
2.483-01 

1.24E 00 

6.1YB 00 
2.48E 0 0  

2.48E  01 
1.24E 0 1  

3.71E  01 
4.95E 0 1  
b.19E  01 
7.43E 0 1  

Y.90E 0 1  
8.6bE  01 

1 .11E  02  
1 .24E  02  
1.4YE 0 2  
1 .73E   02  

2.23E  02 
1.Y8E 0 2  

2.48E  02 
3.OYE 02  
3 .71E  02  
4.33E  02 

5.57E 02 
4.95E 02  

b.lYE 02  

7.43E  02 
6 .81E 0 2  

H.04F 0 2  
8.6bE 0 2  

9.90P 0 2  
9 .28E  02  

1.05E 0 3  
1.11E  03  

0.0 
ut 

6.385-01  
2.51E-01 

2 .778  0 0  
1.31E 0 0  

7.66E 0 0  
1 . 2 4 8   0 1  

1.69E  01 
1.54E 0 1  

1.Y1E 0 1  
1.90E  01 

2.05E  01 
1.Y8E 0 1  

2.11E  01 
L.17E  01 

L.36E 0 1  
2.23E 0 1  

2.4YE 0 1  
2.62E 0 1  
2.75E  01 
2 . 8 7 1   0 1  
3-14!?, 0 1  
3.35E  01 
3.49E  01 
3.57E 0 1  
3.602  01  
3.b2E  01 
3.b3E 0 1  
3.63E  01 
3.ti3E 0 1  
3.63E  01 

3.b3E  01 
3.63E  01 

.1.63E 0 1  
3.63E  01 

2.22E-04 
V E  

2.22E-04 
2.22E-04 

2.  LLE-04 

2.9  1E-04 
2.ZjE-04 

3 .  S4C:-03 
1.13E-03 

5.68E-03 
7.8SE-03 
l.OlL”O2 
1.248-02 
1.470-02 
1.  b0E-02 
1 .60E-02  

1.60E-02 
1.60E-02 

1 . 60E-02  
1 .602-02  
1. bOE-02 
1.bOE-02 
1 .hOE-02 
1.bOE-02 
1.60E-02 
1 .602-02  
1.6OE-02 
1.6UE-02 
1 .  b0E-02 
1.60E-OL 
1.60E-02 
1.60E-02 

1.60E-02 
1.60E-02 

1.bOE-02 
1.  60E-02- 

7.58E-04 

8.01E-04 
7.75E-04 

d.46E-04 
9.4LE-04 
1.  L5E-03 
1 .b lE-03  

2.0bE-03 
1.91B-03 

2.33E-0 3 
2.20.E-03 

2.45E-03 

2.628-03 
2.54E-03 

2.69E-03 
2.76E-03 
2.tl5E-03 
2.898-03 
2.8bE-03 
2.7dE-03 
2.648-03 
L.13E-03 
1.51  E-03 
9.273-04 
4.951-04 
2. 30E-04 
Y.40E-05 

9.91E-06 
3.261-05 

5. YOE-07 
2. bOE-Ob 

1.16E-07 

2.92E-0 9 
1.YBE-08 

TAU 

.o. 0 

P 
0.0- 
1.  YYE-03 
4.YbE-03 
9.82E-03 

4 .50‘~-OL 
1.93E-02 

H.06L-92 

1.972-01 
1 .42E-01 

L.9UE-0 1 
2.49E-0 1 
3.44E-01 

4.3ZE-U 1 
3.89E-01 

4.73E-01 
5.lLE-01 
5.8bE-0 1 
6.53E-0 1 
7.12E-01 
7.64E-01 
8. 10E-01 
8.Y5E-01 
9.47E-01 

9.90R-01 
Y.76L-01 

‘j.Y61.:-01 
Y.93:-.-01 
9.99E-0 1 
1.0UE 00 

1 .005  0 0  
l.OOE 00 

1 . o o z  0 0  
:.OOE 30 

l . 0 O t  0 0  
1.00E 00 

P P  

Y.93E-01 
1.00E 00 

9. 82E-01 
9 .641-01  
Y. 2UE-01 
7.83E-01 
b.5YE-01 

5 .332-01  
5.77E-01 

4.7hE-01 
5.02E-01 

4.55E-01 
4. 36E-0 1 
4.LOE-01 
4 .032-01  

.3.51E-01 
3.8bE-01 

3.1SE-0 1 
2.79  E-01 

L.10E-01 

7.75E-02 
1.35E-01 

4.01E-OL 
1.Y4E-02 
7.4bE-03 
2.67E-0 3 
8. 30s-04  ?. 27E-OU 
>. 4 1 E-05 
1.1LE-os 
2.04E-06 
3.L3E-07 
4.461-OH 
0.0 

?.44E-01 

-3.42E 0 0  
PPP 

-3.61E 00 
-3.4YE 0 0  

-3.t l lL 0 0  
-4 .222  0 0  
-4.31E 0 0  
-1 .432  0 0  
-5.39E-01 
-3.62:-01 

-2.32E-0 1 
-2 .8 lE-01  

-1.Y8E-01 

-1.64E-01 
- 1.7UE-3 1 

- 1. b8E-0 1 

-1.7HE-01 
- 1.72E-3 1 

-1.YOE-01 
-1.73E-01 
-1.74E-01 
-1.b5E-01 
- 1 .  J3.E-01 
-9 .419-02  

-3 .10E-02 
-5.798-32 

- 1.4i(E-02 
-5.87E-03 

- b .  19E-34 
-2.0G.E-03 

-1.bLE-04 
- 3 .  bYE-05 
-7.25E-36 
-1.24E-Ob 
-1 .832-07  

0.0 

0.0 
6.85E-06 
4.3OE-05 
1.73E-04 
h.9YE-04 
4 .33E-J3  

3.8 1E-02 
1.45:-02 

6.28E-92 
8.7 HE-02 
1 .13r -01  
1. 3YE-91 
1.6LE-31 

2.1  ld-01 
1.37E-01 

2.35E-01 
2 .  R 1E-01 
3.26E-01 
3.6tlE-01 
4 .066-31  
4.41E-01 
5 .  12E-3 1 
5.53E-01 

5.99E-0 1 
5 .8b t -01  

b.OUE-01 
b. 05E-Ol 

6.09E-31 
6.C9E-31 

6.09E-31 
b. OYE-ill 

h .  Oqi-91  
6.096-31 

b. O Y i : - O  1 
h.09?:-01 

0.0 
,?.OLE-0 3 
5.111.:-0.1 

L.19E-02 
1.05E-02 

b .0ZZ-02 
1. d 3E-9 1 
1.54E-0 1 
2. 15E-0 1 
2.9 >E-0 1 

5 .  17E-01 
1. Y2E-0 1 

h.73P-01 
8.brJE-dl 
1.14E 0 0  
1 .517  0 0  
2 .732  0 3  
5-05 ,?  0 0  
9.46L 0 0  

3.47E  01 
1.ROE 0 1  

1.88E  02 
1.07E 3 3  
6.27E 0 3  
3 . 6 5 5  0 4  
2.OdE 05 
1.14B 0 6  
5.0.3E 0 2  

u.44F: 1 2  
3.61F 3 2  

1. 17E  01 
1.1HE 3d 

-2.23E-h7 
2.5LE 0 8  

5.46F-7 1 

1.OOF 0:) 
1-32:; 0 0  
l .i)5E 0 0  
1.09E 0 9  
1 .299  0 0  
1.25E 0 9  
5.92E-01 
5.’33C-01 
6 .  r(5C- 0 1 
9. H O E - 0 1  
1 . l l E  0 0  

1.73: 0 0  
1.3‘lF 0 3  

2.2tiE 0.1 
3.16E 0 0  

9.26E 0 0  
4 .37b  0 0  

3 .01E   01  
1.57E  01 

5.85E  01 
1. 15E 9.2 
6.48E  02 
3.7YE 0 3  
2 . 2 2 1   0 4  
1.2HE 0 5  
7 .17E 05  
3.d5E Oh 
6.4vE 0 2  
4.02E 0 2  
2.52E Od 

-2 .77E-55 
1 .37E   01  

2 .48E  I8 
U .  5bE-71 
1.11E-YO 

0.0 
YY*SP 

3.2RE-03 
8.21E-ti3 
1 .64E-0? 
3.2RE-112 
8.21Z-02 
1.64E-0 1 

4 .9  3E-9 1 
3.2HE-01 

6 .572-9  1 
J.21E-01 
9.  d5E-0 1 
l .1SE oc 
1.31E J O  
1.482 0 0  
1 .646  41@ 
1.Y7E 3i’ 

L.63E or; 2 .302  0 0  

2.96F. :G 
4.11E 3G 
3.2tiE 0 2  

4.93E 0 0  
S.75E cc 
7 .395  O C  
h.57E 0 3  

t1.21E 9 0  
9.03E 0 0  
:I;!; ;; 
1 . 1 ~ E  31 

1.31E  01 
1.23E  01 

1 .409  0 1  
1.U9E 0 1  

Table 3 c .  Suction  Side  of  Turbine  Blade 
Output of  Prof i les  by $FILE f o r  X = 3 . 0  



I. 

0.0 

0.1000 

0.1100 

0.1250 

0.1500 

0.1750 

0.2000 

0.2250 

0.2500 

0 .3000 

0.3500 

0. 4000  

0.4500 

0.5000 

0.6000 

0.7000 

0.8000 

c.9000 

1.0000 

1.1000 

1.2000 

1.3000 

1.4000 

1.5000 

1 .6000 

DT 

0.0007 

0.0007 

0.0008 

0.0009 

0 . O O O Y  

0.001 1 

0.0009 

0.0010 

0.001 1 

0.0011 

0.0012 

0.0012 

0.001 3 

0.0013 

0 .0014 

0 .0015 

0.0016 

0.0017 

0.0016 

0.0014 

0.0012 

0.001 1 

0.0012 

0 .0012 

0.0012 

I T  

0.0003 

0.0003 

0 .0004 

0.0004 

0.0004 

0.0005 

0.0004 

0.0004 

0.0005 

0.0005 

0.0005 

0.0005 

0.0006 

0.0006 

0 .0006 

0.0007 

0.0007 

0.0008 

0.0007 

0.0007 

0.0006 

0.0005 

0.0005 

0.0005 

0.0006 

SF 
2.2145 

2 .2145 

2.2687 

2 .2729 

2.2572 

2 .2738 

2.1941 

2.2510 

2 .2706 

2.2501 

2.2504 

2.2578 

2.2799 

2.2697 

2.2871 

2.2867 

2 .2871 

2.2561 

2 .  1776 

2 .1200 

2.1031 

2 .1233 

2 .  1807  

2.2152 

2.2713 

CF 

0.0 

0 .027504  

0 .022603  

0 .018502 

0 .015410 

0 .014710 

0 .01271S  

0.012227 

0 .009958  

0 .008925  

0 .007617 

0 .006932 

0 .006038  

0 .005554 

0 .004667  

0.00U126 

0 .003653  

0 .003630 

0 .003780 

O.OOU085 

0. 00409  u 
0.003848 

0 .003392 

0 .002970 

0 .002451  

RDT 
0. 

58. 

71. 

8 3 .  

91. 

122. 

112. 

134 .  

150. 

179. 

198. 

222. 

251. 

272. 

320. 

367. 

40s. 

U46. 

443. 

433. 

42h. 

4 33. 

47u .  

529. 

583. 

U 

0. 0 

56.8000 

60 .4000 

65 .2000 

74 .0000 

78 .4000 

88.8000 

95.2000 

101.2000 

11   1 .2000  

122.0000 

131.2000 

138.8000 

146.0000 

15H. 4000  

168.4000 

178.0000 

1 Hh. 0000 

199.2000 

217.6000 

2u2.0000 

270.0000 

2Y4.0000 

314.0000 

331.2000 

T U R B  

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 
0.0 

0.0 

0.5 

0 . 0 

0 . 0  

0.0 

0.0 

0.0 

0. 0 

0.0 

0 .0  

0.0 

0.0 

0.0 

0.0 

PRINCIPAL BOUNDARY  LAYER PABAnETERS FOR 
THE SOCTION SIDE OF  THE B L A D E  

Table 3d.  Suction  Side of Turbine  Blade 

B Y  vu  su CY 

0.0 0.0 0.0 0.0 

0.0 0.0 0.0 0.0 

0.0 0.0 0.0 0.0 

0.0 0.0 0.0 0.0 

0.0 0.0 0.0 0 . 0  

0.0 0.0 0.0 0.0 

0.0 0.0 0.0 0 .0  

0.0 0.0 0.0 0. 0 

0.0 0.0 0.0 0.0 

0.0 0.0 0.0 0 . 0 
0.0 0.0 0.0 0.0 

0.0 0.0 0.0 0.0 

0.0 0.0 0. 0 5.0 

0.0 9.0 0. 0 3.0 

0.0 0. 0 0.0 0 .0  

0.0 0.0 0.0 0. 0 

0.0 0.0 0. C 3 .  11 

0.0 0.0 0.0 I) . 0 

0.0 0.0 d .  0 0.0 

0.0 3.0 0.0 0. 0 

0.0 0. 0 0.0 0.0 

0.0 0.0 0.3 3 .  !) 

0. 0 9.0 0.0 0.0 

0.0 0.0 0.0 I) . 3 

0.0 0.0 0.0 0.0 

Summary of Important  Input and Output  Parameters  for  Entire  Calculation 



1.7000 

1.7500 

1.8000 

1.8500 

1.9000 

2.0000 

2.1000 

2.2000 

2.3000 

2.4000 

2.5000 

2.6000 

2.7000 

2.8000 

2.9000 

3.0000 

3.1000 

3.2000 

3.3000 

0.0015 

0.0013 

0.0015 

0.0020 

0.0027 

0.0040 

0.0051 

0.0064 

0.0078 

0.0091 

0.0102 

0.0109 

0.0121 

0.0130 

0.0135 
0.0144 

0.0152 

0.0158 

0.0165 

0.0006 
0.0007 

0.0009 

0.0012 

0.0016 

0.0023 

0.0029 

0.0037 

0.0045 

0.0053 
0.0060 

0.0065 

0.0072 

0.0078 
0.0082 
0.0088 

0.0094 

0.0099 

0.0 104 

2.4083 

1.8439 

1.6845 

1.7099 

1.7362 

1.7559 

1.7355 

1.7352 

1.7332 

1.7306 

1.7097 

1.6887 

1. b e 0 0  

1.6660 

1.6480 

1.6422 

1.6231 

1.6036 

1.5937 

0.001793 

0.003974 

0.004513 

0.003576 

0.002615 

0.002080 

0.001994 

0.001765 

0.001628 

0.001530 

0.001574 

0.001565 
0.001532 

0.001545 

0.001579 
0.001516 

0.002005 

0.002181 

0.002098 

701. 

60b. 

674. 

875. 
1129. 

1542. 

1904. 

229 1. 

,2686. 

3069. 

3359. 

3561. 

3863. 

4107. 

4264. 
UUY5. 

4691. 

4822. 

4985. 

336.7998 

335.5999 

328.0000 

310.7998 

293.5999 

276.7998 

264.7998 

254.8000 

246.0000 

238. B O 0 0  

234.0000 

231.6000 

227.6000 

224.8000 

223.6000 

221.6000 

218.8000 

216.4000 

214.0000 

0.0 
1.000 

1.030 

1.300 

1.000 

1 . 5 0 0  

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1 .000 

1 . ooo  
1.000 
1.000 

1.000 

1 .ooo 
1.000 

0.0 3. 0 

0.0 0.0 

0.0 0.u  

0.0 0.0 

n. 0 3.443003 

0.0 0.44 3000 

0.0 0.443000 

0.0 0.443600 

0.0 0.443000 

0.0 0.U43000 

0.0 0.443COO 

0.0 0.443000 
0.0 0.443060 

0.0 0.U43000 

0.0 0.4~3000 

0.0 0.443000 

0.0 0.0 

0.0 3.0 

0.0 I). 0 

0.0 
0. c 
C. 3 
0.0 

0. 0 

0.0 

0.0 

0. 0 
0.0 

0. i) 

0.0 

0.0 
0.0 

0.0 

0.0 
0.0 

0.0 

0.0 

0.0 

0. 0 
0. 3 

G .  n 
3.0 
8 . !) 
0. c 
3.0 

3.0 

3.0 

c.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0. 0 

3 . 0 

0. 

0.0 

Table 3 d .  (cont . ) 



The most connnon of   these  i s  s imply   tha t   the   so lu t ion   does   no t  
converge.   Indicat ions  that   th is   has   happened  appear   in   the numbers 
pr in ted   ou t   dur ing   the   sequence   of   i t e ra t ions .  To begin  with,  FJE should 
be  between  0.995  and  1.005.  Also, FPPW should  have  changed by less than  
1/2% between the  last two i t e r a t ions   fo r   s a t i s f ac to ry   conve rgence .  Lack 
of convergence may r e s u l t  from a number of  causes some of  whicn w i l l  be 
described  below. 

The o the r   impor t an t   pa t t e rn   o f   ca l cu la t ion   f a i lu re  i s  u n j u s t i f i e d  
separa t ion .   This  can be  recognized  by  the  fact   that  FPPW becomes p o s i t i v e ,  
i n d i c a t i n g  a negat ive  wal l  shear  stress, and/or FJE becomes negat ive.  
Unjus t i f ied   separa t ion   f requent ly   occurs  when t h e  boundary l aye r  i s  near  
actual s e p a r a t i o n .   I f  one i t e r a t i o n  behaves as i f   t h e   s e p a r a t i o n   p o i n t  
has  been  overstepped,  then it is  d i f f i c u l t   f o r   t h e   c a l c u l a t i o n   t o   r e c o v e r .  

Both   o f   these   mal func t ions   usua l ly   can   be   t raced   e i ther   to   an   ac tua l  
e r r o r   i n   t h e   i n p u t   d a t a   o r   t o  a poor  choice  of  the X s t e p   s i z e .   I n   t h e  
la t ter  case, t h e   s t e p   s i z e  is too   l a rge   i f   t he   shape   f ac to r  is  changing 
by more than  about  5%. On the   o the r   hand ,   i f   t he re   a r e  numbers i n   t h e  
JS column  of t h e   i t e r a t i o n  l ist  t o   i n d i c a t e   i t e r a t i o n s   w i t h i n  $PROFYL, 
then2 i f   poss ib l e ,   t he   s t ep   s i ze   shou ld   be  made l a r g e r   f o r   e f f i c i e n c y .  

Other   possible   causes  may be choices  of boundary  conditions  which 
are  incompatible  with  the  assumptions  used to der ive   t he   bas i c  boundary 
layer  equations.  For  example,  the  program w i l l  no t   ca l cu la t e  a boundary 
layer   wi th  a s t e p  change i n  f r e e  stream v e l o c i t y   o r   t r a n s p i r a t i o n   w i t h  
vw/U near  0.1.  A r ad ius  of c u r v a t u r e   i n  axial flow  which i s  smaller 
than  the  boundary  layer   thickness  may a l s o   g i v e   t r o u b l e ,  and ve ry   l a rge  
roughness  elements  of  the  order  of s,/6* = .1 w i l l  no t  work for  obvious 
reasons - 
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